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Abstract. We obtain an Bn+i-algebra model on C,+ m (Map(S™ , M)), the 
shifted integral chains on the mapping space of the n-sphere into an Tri- 
dimensional orientable closed manifold M. Our main tool is factorization 
homology and higher Hochschild (co)chains and we discuss some other applica- 
tions of these tools of independent interest. We construct and use _Eoo-Poincare 
duality to identify the higher Hochschild cochains, modeled over the n-sphere, 
with the chains on the above mapping space, and then relate the Hochschild 
cochains to the deformation complex of the iJoo-algebra C*(M), thought of as 
an £" n -algebra. We then invoke (and prove) the higher Dclignc conjecture to 
furnish the cotangent complex, and all that is naturally equivalent to it, with 
an £ n _|_i-algebra structure and further prove that this construction recovers 
the sphere product. In fact, our approach to Deligne conjecture is based on an 
explicit description of the B n -centralizers of a map of Eoo -algebras / : A — > B 
by relating it to the algebraic structure on Hochschild cochains modeled over 
spheres, which is of independent interest. The latter also applies to iterated 
Bar construction for Boo-algebras together with their B n -coalgebra and Eoo- 
algcbra structure. In particular, we give a higher Hochschild chain model 
of the natural E n -algebra structure of the chains of the iterated loop space 
C,(Q n Y). Furthermore, for general E n -algebras, we apply factorization al- 
gebras to give a construction of the centralizers of any map of E n -algcbras, 
solutions of higher Deligne conjecture and to discuss several features of the 
iterated bar construction for £7 n -algebras. 
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1. Introduction 

The main objective of this paper is the study of the algebraic structure of the in- 
tegral chains on the mapping space of the n-sphere into an orientable m-dimensional 
manifold M. Our main tools are factorization algebras and factorization homology. 
We also demonstrate the efficiency of these tools to study iterated Bar construc- 
tion and iterated loop spaces and to describe the structure of the centralizer of 
-E^-algebra maps as well as a solution to the higher Deligne conjectures. These 
applications are the core of sections [7J [8j and [9] which deal with generalizations of 
the Hochschild cohomology to E n and -Eoo-algebras and their algebraic structures, 
using the concept of factorization homology. 

The algebraic structure of the chains on the mapping spaces of spheres into a 
manifold has drawn considerable interest, following the work of Chas-Sullivan |CS] 
on the free loop space. The homology of the free loop space LM = Map(S 1 , M), 
shifted by the dimension of M, has the structure of a BV-algebra, and in particular 
of a Gerstenhaber algebra, or a 1-Poisson algebra, that is of a (graded) commu- 
tative algebra endowed with a degree 1 Lie bracket satisfying the Leibniz rule. 
This structure is now known to be part of a 2-dimensional homological conformal 
field theory |Gol IBGNXj . The BV-algebra structure lies in the genus part of 
this topological conformal field theory. Higher string topology, also referred to as 
Brane topology, is a generalization of string topology in which the circle is replaced 
by the n-dimensional sphere. Sullivan and Voronov (see [CV] ) have stated]^] that 
the (shifted) homology of the mapping sphere Map(S n , M) has the structure of 
a BV„-algebra and in particular of a n-Poisson algebra (or n-braid algebra in the 
terminology of [KM] ) . The latter structure is the analogue of a Gerstenhaber al- 
gebra in which the Lie bracket is of degree n. A BV„-algebra is an algebra over 
the homology of the operad of framed n-dimensional little disks, i.e., the framed 
-E„-operad; while an n-Poisson algebra is an algebra over the homology of the E n - 
operad, for instance see [CVI ISW] . Sullivan- Voronov work leads to the following 
question: is it possible to lift the n-Poisson algebra structure on the homology of 



^also see [CV, BGNXj[C] for explicit construction of the underlying graded commutative mul- 
tiplication, called the sphere product 
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Map(S n , M) to a structure of -E„-algebras on the chains of Map{S n ,M) ? For 
an n-connected closed and oriented manifold M , we give a positive answer to this 
conjecture: 

Theorem 8.1. Let M be a n-connected Poincare duality space whose homology 
groups are projective k-modules. The shifted chain complex C^+dimiM ) 
has a natural E n+ \-algebra structure which induces the Sullivan- Voronov sphere 
product in homology 

H p (Map(S n ,M))®H q (Map{S n ,M)) ->■ H p+q _ dim{M) (Map(S n , M)) , 

when M is an oriented closed manifold. 

This i? Jl+ i-algebra structure can be seen an higher dimensional analogue of the 
genus part of a topological conformal field theory. 

Our approach is based on an algebraic model of the chains on the mapping spaces 
generalizing Hochschild cochains whose use proved to be a fruitful model for string 
topology operations. Hochschild cohomology groups of an algebra A with value in 
a bimodule N are defined as 

HH n (A,N) S H n (MHom A ® A op(A,N)) S Ext^ Aop (A,N). 

while the Hochschild homology groups HH,(A, N) = Tor^® A P (A,N) are defined 
similarly by derived tensor products. These (co)homology groups are given by 
standard (co)chain complexes, for instance see |GellL] . The Hochschild cohomology 
of any associative (or E\) algebra has a natural Gerstenhaber algebra structure 
and further, by the (solutions to the) Deligne conjecture, the latter is induced by 
an ^-algebra structure on the Hochschild cochains. Hochschild (co)chains are a 
model for cochains on the free loop space and string topology. Indeed, there is an 
isomorphism [£Y1 IFTV] 

(1) H.(LM) = HH*(C*(M),C*(M)) = HH*(C*(M), C*(M))[d] 

if M is an oriented and simply connected manifold of dimension d which, in charac- 
teristic zero is an isomorphism of Gerstenhaber algebras [FTj . Further, Hochschild 
chains of Calabi-Yau (-Ei-)algebras carry a topological conformal field theories 
structure |Lu4j . The above isomorphisms ([I]) make use of two ingredients. First, 
it uses the (dual of) an isomorphism HH.(C*(M),C*(M)) = H.(LM) for any 
simply connected space M (which can be described in geometric terms by Chen 
interated integrals when M is a manifold) and, second, it uses a lift of the Poincare 
duality quasi-isomorphism C*{M) — > C*(Af )[dim(Af)] to a bimodule map, when 
M is further a closed manifold. In this paper, we study and use the generalizations 
of these two facts for n-dimensional spheres as well as the i?2-algebra structure on 
Hochschild cochains as we explain below. Combining these three ingredients will 
give us the desired i?„ + i-algebra structure on C*(Map(S n , M)). Our technique 
should be related to those of Hu |Huj and Hu-Kriz- Voronov |HKVj . 

Bimodules over an associative algebra correspond to the operadic notion of 
.El-modules. There is a notion of E n -Hochschild cohomology where maps of A- 
bimodules are replaced by maps of A-E n -moAn\es for an -E„-algebra A, see [L-HA1 
IF 11 IFre) . The Kontsevich-Soibelman generalization of Deligne conjecture, i.e., the 
higher Deligne conjecture, is that the _E„-Hochschild cohomology of A, denoted 
HH£ n (A, A) is an i?„ +1 -algebra. For X a topological space, the cochains C*(X) 
are more than simply an associative algebra but are homotopy commutative, that is, 
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carries a functorial structure of -Eoo-algebra; in particular of an i? n -algebra for all n. 
In characteristic zero, one can use CDGAs models for the cochains, but this is not 
possible when working over integers or a finite field. Nevertheless, for i^-algebras, 
_E„-Hochschild cohomology get extra functoriality (not shared by all £7 n -algebras) 
and actually identifies with higher Hochschild cohomology over spaces, a notion 
dual to higher Hochschild homology. 

The latter theories are the subject of Section [3] and can be expressed in terms of 
factorization homology, also referred to as topological chiral homology |L-HA[ IF11 
ICG1 IGTZ2| . Factorization homology is an invariant of both (framed) manifolds 
(and framed embeddings) and -E„-algebras based on (extended) topological field 
theories. In fact, the factorization homology of -Eoo-algebras becomes a homotopy 
invariant and can be applied to any space (and continuous maps) and not just to 
framed manifolds. This generalization is precisely computed by higher Hochschild 
homology, introduced by Pirashvili in [P], which can be seen as a kind of limit of 
these ideas when the dimension of the TFT goes to infinity GTZ2]. Indeed, by 



Theorem pUl] below (and |GTZ2| IFT] IL-HAj ) that if X is a manifold and A an 
-Eoo-algebra, then, the factorization homology J x A of X with coefficients in A is 
naturally equivalent to the Hochschild chains CHx(A) of A over X. 

The restriction to -Eoo-algebras is not an issue in our case of interest since the 
cochain complex C*(X) is indeed an E^-algebra. We study the higher Hochschild 
chains for i^-algebras and modules in Section [3. 1| which is modeled over spaces in 
the same way the usual Hochschild (co)chain is modeled on circles. More precisely, 
this is a rule that assigns to any space X, iSoo-algebra A, and A-module M, a chain 
complex CHx(A, M), functorial in every argument, such that for X = S , one 
recovers the usual Hochschild chains. The functoriality with respect to spaces is a 
key feature which allows us to derive algebraic operations on the higher Hochschild 
chain complexes from maps of topological spaces. In particular, for any pointed 
space X, CHx(A) is naturally an A = CH pt (A)-module which allows to define 
higher Hochschild cochains CH X (A, M) = Hoitia{CHx(A), M) over any pointed 



space X by dualizing the Hochschild chains (as A-modules), see Section 3.2 The 
relationship with _E n -Hochschild cohomology is given by the fact that, for any E^- 
algebra A, the Hochschild cochains over the n-dimensional sphere S n of A with 
value in itself coincides with its _E„-Hochschild cohomology. 

Proposition 7.11. Let f : A — » B be a map of E^-algebra and let B be endowed 
with the induced A-E^-module structure. Then there is a natural equivalence of 
E n -algebras: 

HH £n (A, B) = CH sn {A, B) 

Higher Hochschild chains have a good axiomatic characterization (similar to 
Eilcnbcrg-Stccnrod axioms) which formally follows from the fact that -Eoo-algebras 
are tensored over spaces, see Corollary |3.27| in Section |3.3| 

The aforementioned relationship between free loop spaces and Hochschild chains 
generalize to every space taking advantage of its functoriality with respect to maps 



of spaces. In fact, we prove (in Theorem 4.4 1 that there is a natural map of 
.Boo-algebras CHy{C* (X)) — > C*(Map(Y,Xj) which is a quasi-isomorphism when 
X is dim(y)-connected. This is an .Eoo-analogue of our previous result [GTZ 
for CDGA's in characteristic zero (where we used generalizations of Chen iterated 
integrals) . 
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In Scction[5j we study the algebraic structure of higher Hochschild cochains. We 
first define, for any A-i^-algebra B, the (associative) wedge product 

CH X (A } B) ® CH Y (A, B) -> CH XvY (A, B) 

and then we prove that when X is a sphere S d , the wedge product induces a 
structure of Ed-algebra on CH S (A,B), generalizing the usual cup-product in 
Hochschild cohomology. 

Theorem 5.11. Let A be an E^-algebra and B an E^- A- algebra. The collection 
of maps {jpinch gd h '■ Cd{k) X S d — > Vi=i k S d )k>i makes CH S (A,B) into an 
Ed-algebra, such that the underlying underlying E\-structure of CH S (A, B) agrees 
with the one given by the cup-product, 

IV : CH sd (A,B)®CH s \A,B) — ► CH s " wSd {A,B) — ► CH S \A,B). 

The CDGA version of this result goes back to the first author note [G] . 

In Section [7] we reinterpret and generalize the above results, to the i?„-algebras 
case, in terms of centralizers. In fact, using factorization algebras, for any map 
/ : A — > B of £"„-algebras, we put a natural ^-algebra structure on the E n - 



Hochschild cohomology HHg n (A, B), see Theorem 7.7 We then show that this 



structure is precisely the centralizer j(/) of / in the sense of Lurie |L-HA| . 

Proposition 7.18. Let f : A^r B be an E n -algebra map and endow HHs n (A, B) 
with the E n -algebra structure given by Theorem \7. 7| Then the £ n -Hochschild coho- 
mology HHs n (A, B) = RHom A n (A, B^j is the centralizer ^(f) . 

In particular, it is the solution to a universal problem. As a consequence, using 
an approach due to Lurie |L-HA| , this yields a solution to the higher Deligne conjec- 
ture. Indeed the naturality of the centralizer with respect to maps of £" n -algebras 
implies that in the case of / = idA, HHs ri (A, A) becomes an i?i-algebra object 
inside the oo-category _E„-algebra, thus an EVj+i-algebra. Our approach uses the 
relationship between £ n -algebras and factorization algebras which we recall, among 
other preliminaries, in Section [2] In particular, we recall that £" n -algebras are the 
same as functors A from the category of open subsets of W 1 homeomorphic to a 
disjoint union of disks to chain complexes which are locally constant, i.e, such that 
the natural map A(U) — > A(V) is an equivalence when U is a subset of V and 
both are homeomorphic to a disk. Factorization homology on a framed manifold 
M can be seen as (the left Kan) extension of such a functor t o an y open set of 
M (in particular M itself), denoted (U,A) H> j AI A. In Section 6.1 we recall the 
relationship between ^-modules over an £" n -algebra A and factorization homol- 
ogy over S 1 ™ -1 x M (endowed with the framing given by its natural embedding in 
W 1 ), namely that the category of E^-A-modules is equivalent to the category of 
left modules over the (associative) algebra J s „_i A. For n — oo, one recovers that 
Eao-A-modules are the same as left modules over A as was proved in [L-HAl ILu2j . 

Theorem 6.6. Let A be an E^-algebra. There is an equivalence of symmetric 
monoidal oo-categories between the category A-Mod Ex " of E^ A-Modules and the 
category of left A-modules (where A is viewed as an E\-algebra). 



We give a proof of this result using factorization homology in Section 6.2 



From this, we deduce in Section |6T3| that, for a closed oriented manifold M, the 
Poincarc duality isomorphism can be uniquely lifted into an E^-quasi-isomorphism 
C*(M)^C*(M)[dim(M)]. 
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Corollary 6.19. Let (X, [X]) be a Poincare duality space. The cap-product by [X] 
induces a quasi-isomorphism of E^-C* (X) -modules 

C*{X) a(X)[dim(X)] 

realizing the (unique) E^-lift of the Poincare duality isomorphism. 

Putting together the above results on Deligne conjecture, Poincare duality and 
interpretation of higher Hochschild chains in terms of mapping spaces, we obtain in 
Section|8] that the chains C*{Map(S n , M)) for an n-connected manifold M inher- 



its an natural -E„+i-algebra structure (Theorem 8.1 1 which lifts Sullivan- Voronov 
sphere product in homology. To actually recover the sphere product we use our 
explicit description of the centralizers of i?„-algebra maps. The above results thus 
yields chain level constructions over any field of coefficient as well as (under the 
assumptions that M has projective homology groups) over integral coefficient. Ac- 
tually, results similar to Theorem |8.1| can be obtained using only bimodules maps 
(and not quasi-isomorphisms) C*(M) —> C*(M)[d] (with some properties); this 
yields a functorial construction of E^+i-algebra structures on C*(Map(S n , M)), 
see Theorem! 



Furthermore, as another application of Theorems 5.11 and 7.7 in Section 9.1 
we apply for an augmented -Eoo-algebra A the -EVi-algebra structure on higher 
Hochschild chains CH S (A, k) (identified with the centralizer construction for the 
augmentation A — > k) to describe the iterated Bar construction of an augmented 
-Eoo-algebra. Indeed, the Bar construction Bar(A) of an i^-algebra is naturally 
an i^-algebra which can thus be iterated. With this, we prove that the n-iterated 
Bar construction Bar^ is an E'n-coalgebra inside the ((oo, l))-category of -Eoo- 
algebras, see Proposition |9.9| We then relate this construction to iterated loop 
spaces by showing that there is an natural map of -£?„-coalgebras (and E^-algebras) 
Bar^{C*{X)) -> C*(Q n (X)) which is a quasi-isomorphism if X is n-connected. 
We also gave similar dual statements for chains on iterated loop spaces using that 
the dual of the Bar construction is precisely the centralizer %{A — > k) = CH S " (A, k) 
of the augmentation A — > k. 

Corollary 9.10. Let Y be a topological space. 

(1) The map lt n " : BaA n \C*{Y)) -> C*(n n (Y)) is an E n -coalgebra mor- 
phism in the category of E^ -algebras, which is an equivalence if Y is n- 
connected. 

(2) Dually, the map Xt Q n : C*(fl n (Y)) — > (Bar^ (C* (Y)j) is an En- 
algebra morphism (in k-Modrx,). Further, if k is a field, Y is n-connective 

/ \ v 

and has finite dimensional homology groups, then (Bar (n )(C*(Y))) is an 

Eoo-coalgebra and the map lio™ is an equivalence of E n - algebras in -Eoo- 
coAlg. 



In Section [9. 2| we consider the Bar construction of an E m -algebra. Using its fac- 
torization homology interpretation due to Francis |F1| , we prove that it is naturally 
an E m -i -algebra which allows to iterate this construction up to m-times. Then us- 
ing the technique of Section [7j we prove that the n-iterated Bar construction of an 
augmented E^-algebra (m > 1) has an natural structure of i?„-coalgebra inside 



the ((oo, l)-)category S m _ n -algebras, see Proposition 9.21 
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In this paper, we work in Lurie's framework of stable oo-categories [L-HTT, 
IL-HA) . which is very well suited for doing homological algebra in the symmetric 
monoidal context. In particular we will work over the (derived) (oo, l)-category 
fc-Modoo of chain complexes over a commutative unital ring fc. It should be noted 
that in characteristic zero, one can use CDGA's instead of i^-algebras which allows 
to have (model) categories interpretation of all our results in the spirit of (Gj IGTZ) 
IGTZ2] . 
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Conventions and notations: 

(1) We use homological grading, emphasizing the geometric dimension of the 
chains on mapping spaces. In particular, unless otherwise stated, differen- 
tial will lower the degree by one. We will write fc-Modoo for the (oo, 1)- 
category of chain complexes of fc-modules and <X> for tensor products over 
the ground ring fc. 

(2) We will denote the Hochschild chain complex of A, modeled over a space, 
X with values in an A-module M, by CHx(A, M) as an object in the 
stable (oo, l)-category of chain complexes. This is a covariant functor in 
X. Similarly, we will also denote the Hochschild cochain complex of A, 
modeled over a space X, with values in an ^4-module M, by CH X (A, M), 
as an object in the stable (oo, l)-category of chain complexes. This is a 
contravariant functor of X, see § |3.2| This is compatible with the notation 
introduced in }GTZ2] but not with those in [Gl IGTZj . We choose this 
notation in order to emphasize the variance of the functor with respect to 
X. 

(3) We will denote HH x ' n (A,M) and HH x , n (A,M) the degree n homology 
groups of CH X (A, M) and CH X (A, M). ' 

(4) For n € N U {oo}, we will write E n -Alg for the (oo, l)-category of E n - 
algebras in fc-Modoo as studied in |Lu3[|L-HAllFT] We will also denote by E® 
the oo-operad governing E„-algebras, HH£ n (A, M) for the _E„-Hochschild 
cohomology of an £"„-algebra with value in an i?„-A-module M (Defini- 
tion 7. 1 ) and j x A for the factorization homology of A on a framed manifold 



X (see § |2.3[ ). Also CDGA^ will be the (oo, l)-category of commutative 
differential graded fc-algcbras (CDGA for short). 

(5) Given A, an E„-algebras, we will write A-Mod En for the (oo, l)-category 
of -En-modules over A. Similarly, if B is an Em-algebra (with m > n), we 
will write B-Mod En for the (oo, l)-category of E^-modules over B viewed 
as an _E„-algebra. 

(6) If A is an E^-algebra (n > 1) by a left or right module over A, we mean 
a left or right module over A viewed as an i^-algebra. We will denote 
A — LMod and A — RM od the respective (oo, l)-categories of left and right 
modules over A. 

(7) Unless otherwise stated, we will work in the context of unital algebras. 
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2. £/ n - ALGEBRAS AND FACTORIZATION HOMOLOGY 

In this section we briefly recall notions of (oo, l)-categories, oo-operads and in 
particular the -E^-operad and its algebras and their modules. There are several 
equivalent notions of (symmetric monoidal) (oo, l)-categories and the reader shall 
feel free to use its favorite ones. Below we recall very briefly one model given by 
the complete Segal spaces and some examples. 

2.1. oo-categories. Following [Rl ILu4j . an (oo, l)-category is a complete Segal 
space. There is a simplicial closed model category structure, denoted SeSp on 
the category of simplicial spaces such that a fibrant object in the SeSp is precisely 
a Segal space. Rezk has shown that the category of simplicial spaces has another 
simplicial closed model structure, denoted CSeSp, whose fibrant objects are pre- 
cisely complete Segal spaces [Rj Theorem 7.2]. Let K : SeSp — > SeSp be a fibrant 
replacement functor. Let^: SeSp —> CSeSp, X, — > X m , be the completion functor 
that assigns to a Segal space an equivalent complete Segal space. The composition 
X. i— > K(X.) gives a fibrant replacement functor LcseSp from simplicial spaces to 
complete Segal spaces. 

Let us explain how to go from a model category to a simplicial space. The 
standard key idea is to use Dwyer-Kan localization. Let M. be a model category and 
W be its subcategory of weak-equivalences. We denote L H (M,W) its hammock 
localization, see [DKj . One of the main property of L H is that it is a 

simplicial category and that the (usual) category tto(L h (M, W)) is the homotopy 
category of M.. Further, every weak equivalence has a (weak) inverse in L H (M., W). 
When M. is further a simplicial model category, then for every pair (x, y) of objects 
Hom^H ( M i w)(x, y) is naturally homotopy equivalent to the derived mapping space 
RHom(x, y). 

It follows that any model category A4 gives functorially rise to the simplicial 
category L H (A4,W). Taking the nerve N,(L H (A4, VV)) we obtain a simplicial 
space. Composing with the complete Segal Space replacement functor we get 
a functor M — > L oa (M) := L C SeS P {N.(L H (M,W))) from model categories to 
(oo, l)-categories (that is complete Segal spaces). 

Example 2.1. Applying the above procedure to the model category of simplicial 
sets sSet, we obtain the (oo, l)-category sSetaa. Similarly from the model category 
CDGA of commutative differential graded algebras, which we refered to as CDGAs 
for short, we obtain the (oo, l)-category CDGA X . Note that a simplicial space 
is determined by its (oo,0) path groupoid and therefore the category of simplicial 
sets should be thought of as the (oo, 1) category of all (oo, 0) groupoids. Further, 
the disjoint union of simplicial sets and the tensor products (over k) of algebras are 
monoidal functors which gives sSet and CDGA a structure of monoidal model cat- 
egory (see |Hoj for example). Thus sSet^ and CDGA^ also inherit the structure 
of symmetric monoidal (oo, l)-categories in the sense of [Rl ILu4| . 

The model category of topological spaces yields the (oo, l)-category Top^. Since 
sSet and Top are Quillen equivalent |GJ1 IHoj . their associated (oo, l)-categories 

are equivalent (as (oo, l)-categories): sSetoo +± Topoo, where the left and right 

equivalences are respectively induced by the singular set and geometric realization 
functors. 
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One can also consider the pointed versions sSetoo* and Topoo^ of the above 
(oo, l)-categories (using the model categories of these pointed versions |HoJ). 

Example 2.2. There are model categories categories A-Mod and A-CDGA of 
modules and commutative algebras over a CDGA A, thus the above procedure 
gives us (oo, l)-categories A-Mod^ and A-CDGA^ and the base changed functor 
lifts to an (oo, l)-functor. Further, if / : A — > B is a weak equivalence, the natural 
functor /* : B-Mod — > A-Mod induces an equivalence B-Mod^ ^> A-Modr^ of 
(oo, l)-categories since it is a Quillen equivalence. 

Moreover, if / : A — > B is a morphism of CDGAs, it induces a natural functor 
/* : A-Mod B-Mod, M M> M (E>a B, which is an equivalence of (oo, l)-categories 
when / is a quasi-isomorphism, and is a (weak) inverse of /* (see [TV] or KM ). 
Here we also (abusively) denote /* : A-Mod^ — > B-Modoo and /* : B-Modoo — > 
A-Modca the (derived) functors of (oo, l)-categories induced by /. Since we are 
working over a field of characteristic zero, the same results applies to monoids in 
A-Mod and B-Mod, that is to the categories A - C'DGA^ and B - CDGA^. 

Also, note that if A,B,C are CDGAs and / : A ->• B, g : A ->• C are CDGAs 
morphisms, we can form the (homotopy) pushout D = B ®\ C; let us denote 
p : B — » D and q : C — > D the natural CDGAs maps. Then we get the two natural 

based change (oo, l)-functors C-Mod^ =i B-Mod^. Given any M £ C-Mod, 

P*oq* 

the natural map /* o g*(M) — > p* o q*(M) is an equivalence [TV! Proposition 
1.1.0.8]. 

2.2. oo-operads, i? n -algebras and their modules. An operad is a special case 
of a colored operad which itself is a special case of an oo-operad. An infinity 
operad O is an oo-category together with a functor O® —> N(Fin^) satisfying a 
list of axioms, see jL-HA] . The simplest example of an oo-operad is N(Fin^) —> 
N(Fin*). This example is the oo-operad associated to the operad Comm. In other 
words Comm® = N(Fin^). The configuration spaces of small rt-dimensional cubes 
embedded in a bigger n-cube form an operad, E„, whose associated oo-operad is 
denoted by see |L-HA| . This example as the same objects as Fin*, and we will 
denote E®(7, J) its spaces of morphisms from / to J. There is a standard model for 
this operad given by (C n (r)J >x , the operad of dimension n-cubes, see |Ma( IL-fiA"] . 
where C n {r) is the configuration space of rectilinear embeddings of r-disjoint cubes 
inside an unit cube. Its singular chain C* (C n {r)) is a model for the operad governing 
-E„-algebras in /c-Modoo. 

Recall that, for any integer n > 0, E® denotes the oo-operad of little n-cubes. 
By an E n -algebra we mean an algebra over the oo-operad E®. Let E n -Alg denotes 
the symmetric monoidal oo-category of E^-algebras in the symmetric monoidal oo- 
category of differential graded fc-modules. For any E„-algebra A, let A-Mod En 
denote the symmetric monoidal oo-category of modules over an E„-algebra A. If 
C is a symmetric monoidal (oo, l)-category (different from /c-Modoo), we denote 
E n -Alg(C) for the (oo, l)-category of E n -algebras in C and similarly E n -coAlg(C) 
for the category of E n -coalgebras in C. 

There are natural maps (sometimes called the stabilization functors) 

(2) Ef — ► Ef — ► Ef — ► • • • 

(induced by taking products of cubes with the interval (— 1, 1)). It is a fact that 
the colimit of this diagram, denoted by E® can be identified with Comm® |L-HA[ 
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Section 5.1]. In particular, for any n G N — {0}U{+oo}, the map Ef — > E® induces 
a functor E n -Alg — > Ei-Alg which associates to an E^-algebra its underlying E\- 
algebra structure. 

According to Lurie |L-HA| (also see [EE1 |AFT) ). we also have an alternative 
definition for _E„-algebras. 

Definition 2.3. The (oo, l)-category of E n -algebras, is defined as the ((oo, 1)- 
) category of symmetric monoidal functors 

Fun® {Disk{ r , fc-Modoo) 

where Disk„ is the category with objects the integers and morphism the spaces 
Disk f J(k, I) := Emb fr {]J k E™, ]J e R n ) of framed embeddings of k disjoint copies of 
a disk R™ into t such copies; the monoidal structure is induced by disjoint union of 
copies of disks. 

We will denote by Map Erl -Aig{A, B) the mapping space of £J n -algebras maps 
from A to B, i.e., the space of maps between the associated symmetric monoidal 
functors. 

In other words, E n -Alg is equivalent to the (oo, l)-category of £>«sfc^ r -algebras 
(where Disk^ is equipped with its obvious oo-operad structure). The tensor prod- 
ucts in fc-Modoo induces a symmetric monoidal structure on E n -Alg as well (which, 
for instance, can be represented by usual Hopf operads such as those arising from 
the filtration of the Barratt-Eccles operad [ BFj ) . 

Example 2.4 (Opposite of an £Vi-algebra). There is a canonical Z/2Z-action on 
E n -Alg induced by the antipodal map r : M. n — »• M. n , x i-» — x acting on the source 
of Fun® (Disk^ , fc-Modoo). If A is an E^-algebra, then the result of this action 
A op :— t*(A) is its opposite algebra. If n = oo, the antipodal map is homotopical 
to the identity so that A op is equivalent to A as an i^-algebra. 

Example 2.5. Let A be a topological space. Then its singular cochain complex 
C*(X) has an natural structure of E^ -algebras, whose underlying i?! -structure is 
given by the usual (strictly associative) cup-product (for instance see |M2] ) . Simi- 
larly, the singular chains C*(X) have an natural structure of Eao-coalgebra which 
is the predual of (C*(X),U). There are similar explicit constructions for simplicial 
sets X, instead of spaces, see [BFj . We recall that C*(X) is the linear dual of the 
singular chain complex C*(X) which is the geometric realization (in /c-Modoo) of the 
simplicial ^-module k[A,(X)] spanned by the singular set A,(X) := Map(A* , X), 
where A™ is the standard n-dimensional simplex. Note that, for iJoo-algebras A, B, 
the mapping space MapE^-AigiA, B) is the (geometric realization of the) simplicial 
set [n] h> Hom Eoo -Ai g (A, B®C* (A™)) . 

Remark 2.6. The (oo, l)-category E^-Alg is enriched over sSetr^ = Top^ and 
has all (oo-)colimits. In particular, it is tensored over sSetoo, see [L-HTT1 IL-HA] 
for details on tensored oo-categories (and |Kej for the classical theory) or, for in- 
stance, IKKAIM, [MCSVj in the -E^-case (in the context of topologically enriched 
model categories). We recall that it means that there is a functor E^-Alg x 
sSetao — > E^-Alg, denoted (A, X,) i-> A M A., together with natural equivalences 

M ap Eoa -Ai g (AMX.,B) S Ma PsSetoo (A. , M ap Eaa _ Alg (A,B)). 
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Note that the tensor A M X, can be computed as the colimit lim p Xt where p x% is 

the constant map X m — > Eoo-Alg taking value A, for instance see |L-HTT1 Corollary 
4.4.4.9]. Similarly, CDGA^ is tensored over sSetoo (and thus Topoo as well). 

We will use the following fact, which identifies the coproduct in E^-Alg with 
the tensor product, to show the Hochschild complex of an i^-algebra model over 
a space X has a natural structure. 

Proposition 2.7. In the symmetric monoidal (oo, 1)- category E^-Alg, the tensor 
product is a coproduct. 

For a proof see Proposition 3.2.4.7 of |L-HAj (or |KM( Corollary 3.4]); this essen- 
tially follows from the observation that an E^-algebra is a commutative monoid in 



(fc-Modoo, ®), see |L-HA| or |KM[ Section 5.3]. In particular, Proposition 2.7 
plies that, for any finite set /, A® 1 has an natural structure of -Eoo-algebras which 
can be rephrased as 

Proposition 2.8. A symmetric monoidal functor N(Fin) — > k-Modaa has a nat- 
ural lift to a functor N(Fin) — » E^-Alg. 

It follows that, for a finite set /, we have an natural multiplication map 

which is a map in E^-Alg and is compatible with compositions. We will simply 
write iriA ■ A <g) A — > A for the -Eoo-algebra map obtained by taking / = {0, 1}. 

2.3. Factorization algebras and Factorization homology. Given a topolog- 
ical manifold M of dimension n one can define a colored operad whose objects 
are open subsets of M that are homeomorphic to W 1 and whose morphisms from 
{Ui, ■ ■ ■ , U n } to V are empty unless when fTj's are mutually disjoint subsets of U, in 
which case they are singletons. The co-operad associated to this colored operad is 
denoted by iV(Disk(M)), see |L-HA| . Remark 5.2.4.7. Unfolding the definition we 
find that an ./V(Disk(M))-algebra on a manifold M, with value in chain complexes, 
is a rule that assigns to any open dislj^] U a chain complex F(U) and, to any finite 
family of disjoint open disks U\, . . . , U n C V included in a disk V, a natural map 
F{Ui) ® • • • ® T{U n ) -> F{V). An iV(Disk(M))-algebra is locally constant if for 
any inclusion of open disks U <-» V in X, the structure map F(U) —> F(y) is a 
quasi-isomorphism (see |L-HA[ ILu3j ) . 

Locally constant iV(Disk(M))-algebra are actually (homotopy) locally constant 



factorization algebras in the sense of Costello |CG( IC]. see Remark 2.13 below. We 
thus denote Fac^ the (oo, l)-category of locally constant N{Disk(M))- algebras. We 
will also denote N{Y)\sk(M)-Alg the (oo, I)-category of A r (Disk(M)-algebras. 

If A is a locally constant A^(Disk(Af ))-algebra, the rule which to an open disk 
D associates the chain complex A(D) can be extended to any open set of M. In 

fact, Lurie has proved |L-HA1 ILu3| that the functor Disk(M) fc-Modoo has a 
left Kan extension along the embedding Disk(M) ^-s- Op(M) where Op(M) is the 
standard ((oo, I)-)category of open subsets of M, i.e., with objects the open subsets 
of M and morphism from U to V are empty unless when U C V in which case they 
are singletons. 

2 i.e. an open subset of M homeomorphic to a euclidean ball 
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Definition 2.9. Let M be a topological manifold and A be a locally constant 
factorization algebra. 

Factorization homology is the (oo, l)-functor Op(M) ® Fac^ — > fc-Modoo, de- 
noted (M,A) h-> f M A, given by the left Kan extension of Disk(M) —> fc-Modoo. 
We say that J M A is the factorization homology of M with values in A. 

Remark 2.10. Factorization homology is also called topological chiral homology 
in [L-HAllL"u4llLu3| . We prefer Francis terminology [FTllAFT[|F2] which is justified 
by the fact that factorization homology is actually the homology (or said otherwise 
derived sections) of factorizations algebras in the sense of Costello |CG| as we 



proved |CTZ2 |. see Remark 2.13 below. 



Example 2.11. If M is a framed manifold, then any _E„-algebra is a locally con- 
stant factorization algebra on M (for instance, see [L-HA1 IGT Z2 ). 

Example 2.12. The canonical map A r (Disk(A/)) — !• N(Fin^) shows that any i?oo- 
algebras has a canonical structure of locally factorization algebra on any topological 
manifold M. This structure is studied in details (using the Hochschild chain models) 
in |GTZ2| and actually extends to define factorization algebra on any CW-complex. 

Remark 2.13. Let us justify a bit more the terminology of locally constant factor- 
ization algebras we are using (hoping it will avoid any possible confusion) . The no- 
tion of locally constant A r (Disk(X))-algebra is actually equivalent to the "full" no- 
tion of a locally constant factorization algebra on X in the sense of Costello }CG|, [Cj 
which are a a similar construction where the Ui are allowed to be any open subsets, 
satisfying a kind of "Cech/cosheaf-like" condition (and still being locally constant 
in the above sense). Let us now be more precise. A prefactorization algebra is 
an algebra over the colored operad whose objects are open subsets of X and whose 
morphisms from {U\, ■ ■ ■ ,U n } to V are empty unless when U^s are mutually dis- 
joint subsets of U, in which case they are singletons. Unfolding the definition we 
find that a prefactorization algebra on X, with value in chain complexes, is a rule 
that assigns to any open set U a chain complex F(U) and, to any finite family of 
pairwise disjoint open sets U\, . . . , U n C V included in an open V, a natural map 
F{U\) ® ■ ■ ■ ® JF{U n ) — > .F(V). These structures maps are required to satisfy obvi- 
ous associativity and symmetry conditions, see |CG| . These structure maps allows 
to define "Cech-complexes" associated to a cover U of U. Denoting PU the set of 
finite pairwise disjoint open subsets {U±, ...,{/„,[/, € U}, it is, by definition the 
chain (bi-)complex 

6{U,F)=($F{U 1 )®---®F(U n )±- F{U l nVx)®---®F{U n nV m ) < 

PU PUxPU 

where the horizontal arrows are induced by the alternate sum of the natural inclu- 
sions as for the usual Cech complex of a cosheaf (see [CG ). The prefactorization 
algebra structure also induce a canonical map C(U,J-) —> J-(U). 

A prefactorization algebra J 7 on AT is said to be a factorization algebra (in 
the sense of [CG]) if, for all open subset U £ Op(X) and every factorizing covei]^] 
U of U, the canonical map C(U,F) — > F{U) is a quasi-isomorphism (see [C | ICGj ). 



^an open cover of U is factorizing if, for all finite collections asi, . . . , x n of distinct points in U, 
there are pairwise disjoint open subsets U\ , , t/j. in U such that {xi, . . . ,x n } C Ui=i Ui 



HIGHER HOCHSCHILD COHOMOLOGY, BRANE TOPOLOGY AND CENTRALIZERS 13 



Again, a factorization algebra is locally constant if for any inclusion of open disks 
U V in X, the structure map J~(U) — > J~(V) is a quasi-isomorphism. 

In |GTZ2j . we proved 

Theorem 2.14 ( [GTZ2L Theorem 6]). The functor (U,A) ^ f v A induces an 
equivalence of (oo, 1) -categories between locally constant N(Disk(X)) -algebra and 
locally constant factorization algebras on the manifold X in the sense of jCGj . 
Further this functor is ( equivalent to ) the identity functor when restricted to open 
disks. 

This justifies our terminology of locally constant factorization algebras and fac- 
torization homology; further, the extension on any open set U of a (locally constant) 
A(Disk(A))-algebra A is precisely given by the factorization homology fy A, see 
loc. cit.. 

If U is an open subset of X, then a (locally constant) factorization algebra A on 
X has a canonical restriction Am into a (locally constant) factorization algebra on 
U. Furthermore, if U = (U%)i^i is a cover of X, the factorization algebra A on X 
can be uniquely recovered by the data of the factorization algebras A\u i restricted 
to the Ui's (thanks to the Cech condition applied to suitable covers). In fact, any 
family of factorization algebras Ti on t/j , satisfying natural compatibility conditions 
on the intersections of the U^s, extends uniquely into a factorization algebra on X\ 
we refer to Costello-Gwilliam |CG[ Section 4] for details on this descent property 
of factorization algebras. 

2.4. E^-algebras as factorization algebras. Theorem 5.2.4.9 of [L-HA] (also 
see |Lu3[[GTZ2| ) provides an equivalence between _E„-algebras and locally constant 
factorization algebra on the open disk D n : 

Proposition 2.15. There is a natural equivalence of (oo, 1)- categories 

E n -Alg S Fac^ n . 

In particular, an i? Tl -algebra can be seen as an n-dimensional (topological) field 
theory (over the space-time manifold M n ), providing invariant for framed n-manifolds 
precisely computed by Factorization homology. 

Let 7r : X x Y — > X be the canonical projection. There is the pushforward 
functor 7T* : Fac^ xy — > Fac^ defined, for U open (disk) in X and A € Fac^ xy , 
by n*(A)(U) := A^il/)) = A{U x F); see [CG] for details on pushforward for 
factorization algebras. Here the fact that the pushforward of a locally constant 
factorization algebra is locally constant follows from the fact that the fibers are 
all naturally identified with the same manifold Y. The fact that locally constant 
factorization algebras on R" are £" n -algebras implies that, when Y = R n , the push- 
forward factors through a functor : Fac^ xR „ — ► F&c l x(E n -Alg) see |GTZ2j . In 
particular, we can take X = R m . The following oo-category version of Dunn Theo- 
rem was proved by Lurie |L-HA| (and [GTZ2 for the pushforward interpretation): 

Theorem 2.16 (Dunn Theorem). There is an equivalence of (oo, l)-categories 
E m+n Alg = E n -Alg(E m -Alg) . Under the equivalence E n -Alg = Fac^„ (Proposi- 
tion 



Fac^m (E n -Alg) associated to the canonical projection n 



2.15), the above equivalence is realized by the pushforward 71% : Fad 



lc 
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Let Fin and Fin* denote the categories of finite sets and pointed finite sets 
respectively. There is a forgetful functor Fin* — > Fin forgetting which point is the 
base point. There is also a functor Fin — > Fin* which adds an extra point called 
the base point. 

Further, since the oo-operads E® are coherent (see [L-HA1 ILu3j ) . the categories 
A-Mod Erz for A £ E n -Alg assembles to form an (oo, \)-category of all £" n -algebras 
and their modules, denoted Mod En (or Mod En (C) when we want to emphasize C 







The canonical functor Fin — > Fin* adding a base point yields a canonical functor 
b : Mod En (C) — » AlgE n (C) which gives rise, for any i?„-algebra A, to a (homotopy) 
pullback square: 

(3) A-Mod E ™ > Mod E ™ 



I 

{^1} > E n -Alg 

We refer to |Lu2[ IL-HA1 IF1| for details. Note that the functor t is monoidal. 

Further, if A -A- B, A A C are two maps of i^oo-algebras, and M <E B-Mod E < x ' and 
N £ C-Mod E °° , then 

(4) i(m®n) B®C. 

\ A / A 

Example 2.17. if n = 1, A-Mod El is equivalent to the (oo, l)-category of A- 
bimodules and if n — oo, A-Mod Eoa is equivalent to the (oo, l)-category of left 



A-modules, see |Lu21 IL-HAj (and Proposition 6.1 Theorem 6.6 below). In gen eral, 



A-Mod En can be described in terms of factorization homology of A, see § 6.1 



One can define a notion of locally constant factorization algebra for stratified 
manifolds and factorization homology as well. We refer to |AFT) for details. In 
this paper, we will only need a very special and easy case; the disk with a special 
point. Let D™ be the pointed Euclidean open disk viewed as a stratified manifold 
with only two strata: a dimension stratum given by its center and the dimension 
n-stratum given by the disk. 

Definition 2.18. We say that a factorization algebra (or an _/V(Disk(D n )-algebra) 
on D™ is locally constant if the structure map F(U) — > F(V) is an equivalence when 
U C V are open disks such that either U contains the base point or V is included 
in the n-stratum D n — {0}. In other words, we do not require F(U) — > F(V) to be 
an equivalence if V contains the base point while U does not. We denote Fac£ n , 
the (oo, l)-category consisting of a pair (A4,A) of locally constant factorization 
algebras on respectively Z3™ and D n together with an isomorphism of factorization 
algebras A4jjn_^ Q j Ad™-{o} between the restrictions of M. and A to D n — {0}. 

Remark 2.19. The factorization algebra A is actually determined by A4, since, by 
the locally constant condition, it is essentially defined by its restriction to any open 
ball in D n , thus to any open ball included in D n — {0}. In particular, for n > 1, 
the category of locally constant factorization algebras on the stratified disk £>™ is 
equivalent to Fac^n, which justifies our notation. For n — 1, the latter category 
is equivalent to the category of all bimodules (over an E^-algebras), while the first 

4 which essentially forget the underlying module 
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one is equivalent to the category of (A, f?)-bimodules where A, B may be different 
Ei -algebras. 



Proposition 2.f5 extends immediately to 



Proposition 2.20. 

of all E n -modules < 
pointed disk as in Definition \2.18 



There is an equivalence between the (oo,l)- categories Mod 1 



id Fac 



li- 



the locally constant factorization algebras on the 



Note that the pushforward £>™ — > * realizes the forgetful functor Mod En (C) — > C 
and further, as noted in Remark 2.19 fixing an euclidean sub-disk D c -D" — {0} 

Mod E ' 



Facp which is equivalent to the functor 



we get a functor Fac' 
E n -Alg, i.e., to the forgetful functor (M.,A) M> A. Forgetting the stratification 
yield a functor Fac l f^ n —> Fac l ^ n realizing the canonical functor E n -Alg — > Mod En 
(which view an E„-algebra as a module over itself in a canonical way). 



Remark 2.21. Let A be an £ n -algebra and / : A — > B an En-algebra map and let 
B be endowed with the induced A-E„-module structure. This module structure has 
an easy description in terms of factorization algebras. Denote A : U > fy A and 
B '. V i y J v B be the associated factorization algebras on R™ (see Theorem 2.14). 
By Proposition |2.20| and § |2.2| the data of the A-E„-module structure on B is 
equivalent to the data which, to any embedding ]JJ_ fa ■ Yli=o ~> (with 
4>o (0) = 0) and commutative diagram 



of embeddings, associate an natura|^]map 

(5) AifaiW 1 )) ® • • • <g> A(fa(R n )) <g> B(M^ n )) — > B(if>QS. n )). 

This map ^ is very simple to describe, it is the composition 

A (»•••( 




A / S 

r (K») J0o(R") 



Si 



•) J0o(R' 1 ) 



B = S(^(K n )). 



') 

where the last map is given by the factorization algebra structure of B, i.e., the -En- 
algebra structure of B. Now, let g : B —> C be another E„-algebra map endowing 
C with an A-E„-module structure; let C : U H> J^Cbe the associated factorization 
algebra. Then a map A- En-modules h : B — > C is equivalent to the data of a 
stratified factorization algebra map f v h : B(U) = f v B — > j v C = C(U) such that, 



with respect to composition of embeddings, that is satisfies the usual associativity condition 
of the structure maps of a prcfactorization algebra in the sense of |CGI 
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for all <^>0) • • • , 4>r and ip as above, the following diagram 

/ \ (®/^(M»)/)® id 

QS> i= i J^(E«) ® J0o(K") 5 *" QS>i=0 J<A*(B") S ** JV(R") ^ 

(<8»«)®/^ o(R n ) /» ^ 



is commutative. 



3. Higher Hochschild (co)chains for ^-algebras 

In this section we define and study higher Hochschild (co)chains modeled over 
spaces for .Eoo-algebras with values in i^-modules. 

3.1. Factorization homology of i^-algebras and higher Hochschild chains. 

Factorization homology with values in i^-aigebras has special properties. It be- 
comes an homotopy invariant and can be defined over any space, providing an 
homology theory for spaces. Indeed, it identifies with the Hochschild chains mod- 



eled on a space and with values in an i^-algebra, see Theorem 3.11 below. We will 
denote (X, A) n- CHx {A) the latter construction which we explain further in this 
section. The reader familiar with factorization homology for commutative algebras 
can skip it and keep in mind that CHx (A) means factorization homology extended 
to spaces. 

The Hochschild chains CHx.,»(A, A) over a simplicial set X, with value in a 
CDGA A is defined in [P ]. As explained in |GTZ2j . it can be defined using the 
PROPic definition of commutative (differential graded) k-algebras as follows. A 
CDGA over fc is a strict symmetric monoidal functor A : Fin — > fc-Mod from 
the category of finite sets (with disjoint union for the monoidal structure) to the 
category of chain complexes (with tensor product as the monoidal structure) . Given 
a finite simplicial set A op — > Fin we can compose these two functors to get a 
simplicial fc-module. The geometric realization of this simplicial fc-module is the 
Hochschild complex modeled on X. In fact one can do better. A strictly symmetric 
monoidal functor A : Fin —> k-Mod has a canonical lift to A : Fin —> fc-Alg, 
along the forgetful functor fc-Alg — > fc-Mod. This is due the simple fact that for a 
commutative algebra A, the multiplication m : A ® A — > A is a map of algebras 
or said otherwise the fact that the tensor product is a coproduct in CDGA. Thus, 
the above procedure gives rise to a simplicial CDGA whose geometric realization is 
the Hochschild complex modeled on A., with a canonical CDGA structure. In the 
classical example X — S 1 , whereby we get the classical Hochschild complex, this is 
the shuffle product on CH,(A, A). Another way of saying this is to say that that 
CDGA is tensored over simplicial sets and that Hochschild chains over X m with 
values in A is simply the tensor AM X. (see |L-HA1 IL-HTT1 IEKMM1 iKel IMCSV] 



for details on tensored categories over spaces and Remark 2.6). We now discuss 
how all of the above generalize to the case of -Eoo-algebras. 

Recall from Section [2] that the (00, l)-category of E^-algebras (with value in 
chain complexes) is equivalent to the (00, l)-category Fun® (N(Fin), fc-Modoo) of 
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(lax) monoidal functors from (the oo-category associated to) Fin to the (oo, 1)- 
category of chain complexes (see Lurie |Lu21 IL-HA1 IKMj ). We denote 



2.8 



'^X i-> CH% mp (A)j e Fun® (N (Fin), k-Modeo) 

th^] monoidal functor associated to an i^-algebra A. This functor extends nat 
urally to a functor Fun® (N (Set), k-Modoo) (where Set is the category of sets 
by taking colimits that is to say X i-> lira CH^ mp (A). By Proposition 

C H^ mp (A) has an natural structure of i^-algebras. 

Remark 3.1. Fixing a set X, CHx{A) is (functorially) quasi-isomorphic to the 
tensor product A® x (where A is viewed as a chain complex). Note that this con- 
struction (of the underlying chain complex structure) is the same as the one in[GTZ, 
Section 2.1] in the case of CDGAs. However the functorial structure involves higher 
homotopies and not only the multiplication and seems difficult to write explicitly 
on this particular choice of cochain complex. 

Let DK : sk-Modoo —> fc-Modoo be the Dold-Kan functor from the (oo, 1)- 
category of simplicial fc-modules to the chain complexes. The Dold-Kan functor 
refines to a functor sE^-Alg — > E^-Alg from simplicial ii^o-algebras to differential 
graded -Eoo-algebras which preserves weak-equivalences (see [Mil Section 3]). 

Definition 3.2. The derived Hochschild chain of an .Ego-algebra A and a simplicial 
set X, is 

CH x ,(A):=Dk( lim CH% mp (A)\. 

FinBK->X. 

Remark 3.3. In the case where the Eoo-algebra A is strict, i.e. a CDGA, it follows 



from Corollary 3.7 below that CHx. (A) is quasi-isomorphic to the Hochschild chain 
complex over X. described in details in pTZl Section 2.1] (also see [Pi iGl IGTZ2] ). 

Proposition 3.4. The derived Hochschild chain (X,,A) i-> CHx. (A) lifts as o, 
functor of (oo, 1)- categories 

CH : sSetrx, x E^-Alg -» E^-Alg. 

Further, it is the tensor of A and X, in E^-Alg, i.e., there is an natural equivalence 
CH X . (A) = A M X, . In particular, 

(6) Ma PsSet ^ (X., Map Eaa _ Alg (A, B)) = Map Ex _ Alg (CH x .(A), B). 

Note that the tensor definition A El X m could also be used to actually define 
higher Hochschild chains. 



Proof. Proposition |3.6| below implies that the derived Hochschild chain functor is 
invariant under (weak) equivalences of iJoo-algebras and simplicial sets and thus 
lifts as an ((oo, l)-)functor sSetoo x E^-Alg — !• fc-Modoo, (X,,A) H> CH X .(A). 
Since the tensor products of -Eoo-algebras is an E^-algebra, C H s ^ p (A) is a sim- 
plicial Eoo-algebra for any simplicial set K,. Since the (refined) Dold-Kan func- 
tor sEoo-Alg — > Eoo-Alg preserves weak-equivalences |Mlj . the derived Hochschild 
chain functor lifts as a functor of (oo, l)-categories CH : sSetoo x E^-Alg — > 



E^-Alg. By Proposition 2.7 CH X .(A) = A El X, in sEoo-Alg from which the sec- 



ond assertion of the Proposition follows after passing to geometric realization. □ 



^it is unique up to contractible choices 
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Remark 3.5. There is a derived functor interpretation of the above Dcfinition |3.2| 
Recall that to any simplicial set X m one can associate a canonical -Eoo-coalgebra 



structure [Ma, BFJ, denoted C*(X.) (Example 2.5). Dually to the case of algebras, 
an i^oo-coalgebra C defines a contravariant monoidal functor X H> CH slmp X (C), 
i.e., an object of Fun® (N(Firi)° p , k-Mod^). 

In particular, an i^oo-coalgcbra C defines a right module over the oo-operad E® 
and an E^-algebra a left module over the oo-operad E® . We can thus form their 

L 

(derived) tensor products C (E) A which is computed as a (homotopy) coequalizer: 

E® 

C ® A^hocoeq( ]J C^^E^fep)®^^]]^^^ 
E ® <,i •!: ;•! 

where the maps / : {1, . . . ,q} —> {1, . . . ,p} are maps of sets. The upper map in 
the coequalizer is induced by the maps /* : C® p ® E® (q,p) ® A®? C®« ® A 09 
obtained from the coalgebra structure of C and the lower map is induced by the 
maps /* : C® p ® E® (g,p) ® A®« ->■ C® p <g> ,4® p induced by the algebra structure. 

Proposition 3.6. Let X. be a simplicial set and A be an E^-algebra. There is an 
natural equivalence 

CH X .(A) SC,(X.) d A 

E® 

^hocoeq^ ]J C*(X.)®f ®E® (g,p)® A®*=|]Ja(X.)® n ® A®") 
s] •!: ;•! « 

Proof. Note that the -Eoo-coalgebra structure on C*(X.) is given by the functor 
N{Fin*) op -> fc-Modp o define d by I i-> k[Hom Fm (I ', X.)]. The rest of the proof 
now is the same as in |GTZ2[ Proposition 4] . □ 

In |GTZ2j . a functor CH cdga : sSet^ x CDGA^ -> CDGA^ was defined^ 
There is a forgetful functor CDGA^ — > E^-Alg. Proposition |3.6| Proposition 4 
in |GTZ2j and the equivalence E® Comm® yield 

Corollary 3.7. If A is a commutative differential graded algebra, then CH x 9a {A) 
is naturally equivalent to CHx, {A) . 

Further, the following diagram is (homotopy) commutative in the (oo-) 'category 
FunisSetoo x CDGA^, E^-Alg): 

sSetoc x CDGA^"^^ CDGA^ 



Y 

sSetoo x Eoo -Alg >■ E^ -Alg 

In other words, the corollary means that the functors CH cdga and CH are equiv- 
alent (for a CDGA). 



Remark 3.8. In the sequel we will use the equivalence given by corollary |3.7| to 
identify the functors CH and CH cdga without further notice. 



it was simply denoted CH in loc. cit. 
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There is an equivalence of (oo, l)-categories sSetoo <=^ Top^ induced by the 

underlying Quillen equivalence in between sSet and Top \G3\ IHoj . The left and 
right equivalences are respectively induced by the standard singular set functor 
X i y S,(X) := Map(A* , X) and geometric realization X, H> \X m \ functors. In 
particular, we can replace simplicial sets by topological spaces in Definition |3 . 2 1 and 



Proposition |3.6| to get the following analogue of Proposition 3.4 Letting C*(X) be 
the natural -Eoo-coalgebra structure on the singular chains of X, we deduce from 
Proposition |3.4| and Proposition |3.6| 



Proposition 3.9. The derived Hochschild chain with value in an i^-algebra A 
modeled on a space X given by 

CH X (A) := DK( lim CH% mp (A)^ 

FinBK^S.(X) 

= C,(X) ® A 

Eg, 

induces a (oo, 1) functor CH : (X t ,A) t— > CHx,{A) from Top^ x E^-Alg to 
E^-Alg. Further, one has an natural equivalence A M X = CHx(A). 

Remark 3.10. Since (X, A) i— > CH X (A) = A IE X is a functor of both variables, 
CHx{A) has an natural action of the topological monoid MapTop^(X, X) (and in 
particular of the group Homeo(X)), i.e., there is a monoid map Mapxop^ (X, X) — > 
MapE 00 -Ai g {CHx{A),CHx{A)); in other words a chain map C* (MapT OPoo {X, X))<g> 
CH X {A) -> CH X (A) which makes CH X (A) a Map ToPoo {X, X)-algebra in E^-Alg 
(for the monad associated to the monoid MapTo-p^iX, X)). 

Similarly, given any map / : X x K — > Y of topological spaces, we get a 
canonical map K — > MapE x -Aig(CHx(A),CHY(A)) or, equivalently, a canoni- 
cal map /* : C* (K) <g) CHx {A) — > CHy {A) in fc-Modoo (which is simply induced 
by /* : CHk x x(A) — > CHy(A) under the equivalence 

Ma PToPoo (K,Map Eoo _ Alg (CH x (A),CH Y {A))) 9i Map E ^ Alg (CH X xK{A),CH Y (A)) 



given by Proposition 3.9 and Corollary |3. 27 (4)). 



As we previously mentioned, the higher Hochschild functor (modeled on spaces) 



agrees with factorization homology (see |L-HA[ IFTj and Definition 2.9) for E 
algebras. Indeed the following result (whose CDGA version was proved in [GTZ2 ) 
was proved by Francis |Flj . 



Theorem 3.11. Let M be a manifold of dimension m and A be an E^-algebra 



viewed as an N (Disk(M)) -algebra (by restriction of structure, Example 2.12). Then, 
the factorization homology J M A of M with coefficients in A is naturally equivalent 
to CHm(A). 

Proof. The proof is the same as the ones for CDGA's in GTZ2] (see Theorem 6 



and Corollary 9 in loc. cit.) using the axioms of Theorem 3.26 Further, as pointed 



out by John Francis [FT], the proof also applies to topological manifolds. □ 

In particular, it follows that the factorization homology of an i^oo-algebra and 
framed manifold M is canonically an E^-algebra which is independent of the 
choices of framing, and further, can be extended functorially with respect to all 
continuous maps h : N — > M. 
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Remark 3.12. There is also a nice interpretation of Hochschild chains over spaces 
in terms of derived (or homotopical) algebraic geometry. Let dSt^, be the (model) 
category of derived stacks over the ground ring k described in details in |TV1 Section 
2.2]. This category admits internal Horn's that we denote by M.Map{F, G) follow- 
ing |TVl ITV2] and further is also an enrichment of the homotopy category of spaces. 
Indeed, any simplicial set X, yields a constant simplicial presheaf E^-Alg — > sSet 
defined by R i— > X, which, in turn, can be stackified. We denote X the associated 
stack, i.e. the stackification of R i— > X., which depends only on the (weak) homo- 
topy type of X,. For a (derived) stack 2) 6 dStfc, we denote 02) its functions [TV] 
(i.e.. O v := R Hom m.A 1 )). 

Corollary 3.13. Let U\ = K Spec(R) be an affine derived stack (for instance an 
affine stack) |TVj and X be the stack associated to a space X . Then the Hochschild 
chains over X with coefficient in R represent the mapping stack K Map(X, 9\) . That 
is, there are canonical equivalences 

RM a P (x,K) = CH X (R), RMap(X,m) £* RSpec (CH X (R)) 

Proof. The proof is analogous to the one of |GTZ2[ Corollary 6.4.4]. □ 

Note that if a group G acts on X, the natural action of G on CHx(A) (see 



Remark 3.10) identifies with the natural of G on R M ap(X 1 $K) under the equivalence 



given by Corollary |3. 13 



3.2. Higher Hochschild (co)chains with values in i^oo-modules. We now 

consider a dual notion of the Hochschild chain functor, which is well defined in the 
-Eoo-case. 

Let e : pt X, be a base point of X t . The map e yields a map of ii^-algebras 
A = CH pt (A) ^ CH X .(A) and thus makes CH X . (A) an ,4- module. Let M be 
another Eoc- A- module. 

Definition 3.14. The (derived) Hochschild cochains of an E^-algebra A with 
value in M over (the pointed simplicial set) X, is given by 

CH X ' (A, M) = Hom A (CH x . (A),M), 

the (derived) chain complex of the underlying left E'l-A-modules homomorphisms. 

The definition above depends on the choice of the base point even though we do 
not write it explicitly in the definition. We define similarly CH X (A, M) for any 
pointed topological space X. 

Remark 3.15. According to Theorem |6.6[ on can also alternatively consider the 
chain complex of E^-A- modules in Definition |3.14| 

Definition 3.16. The Hochschild chains of an i^oo-algebra A with values in M 
over (the pointed simplicial set) X m is defined as 

CH X . (A, M) = M ® CH X . {A) 

A 

the relative tensor products of E'oo-A-modules (as defined, for instance, in |L-HA[ 
Section 3.3.3] or [KM] L 
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Remark 3.17. Any E^o-A-module has an underlying Ei-modvle structure given by 
the forgetful functor A-Mod E °° —> A-Mod El hence both a left and right ^4-module 
structure. Thus, given two E^-A-modules Af, N, one can form their relative tensor 
product M (g>\ N where M is viewed as a right A-module, iV as a left A-module and 



A as an i?i-algebra. According to Theorem 6.6 and |L-HA1 Section 4.4.1] or KM, 
Section 5], this tensor is equivalent (as an object of /c-Modoo) to the relative tensor 
product computed in E^-A-modules. Hence, the tensor product of Definition |3.16| 
can be computed using this alternative definition. 

Since the based point map e* : A —> CHx.(A) is a map of E^-algebras, the 
canonical module structure of CHx.(A) over itself induces a structure of module 
on CH X .(A,M) after tensoring by A (also see [Kill Part V], |L-HA| ): 

Lemma 3.18. Let M be in A-Mod E °° . Then CH X . {A, M) is canonically a CH X . (A)- 



Remark 3.19. By definition, if A is endowed with its canonical A-E^-module 
structure, the natural map CH X . (A, A) = A <g>\ C'H X , (A) -> CH X% (A) is an 
equivalence of CH X% (A)-modules. Hence, tensoring by M <E>a —, we get a canonical 
lift of the relative tensor products M (g>\ CH Xt (A), computed as a relative tensor 
product of left and right modules over A seen as an i?i-algebra, to an CH Xm (A)- 



Proposition 3.20. The derived Hochschild chain CH X% (A,M) with value in an 
Eoo~ algebra A and an A-module M over a space X, given by Definition \3.16 induces 



a functor of (co, l)-categories CH : (X,,M) CHx.(t{M),M) from sSet^^ x 
Mod E <*> toMod E ™. 

The derived Hochschild cochains CH X ' (A, M) with value in an E^-algebra A 
and an A-module M over a space X, given by Definition \3.1J\ induces a functor of 
(oo, \)-categories (X.,M) ^ CH X ' (A, M) from sSet^xA-Mod E ^ to A-Mod E ~ , 
which is further contravarian^ with respect to A. 



Proof. It follows from Lemma |3 . 18 and § 3T The fact that homomorphisms of 



A-i^oo-modules have a canonical structure of A-i^-modules follows from the same 
argument as for the tensor product above or from [KM[ Theorem V.8.1]. □ 



Remark 3.21. As usual, one obtains a similar version of the above Definition 3.16 
and Lemma [3. 18| for pointed topological space X. 



Remark 3.22. If A is a CDGA and M a left A-module, similarly to Corollary [37TJ 
there are natural equivalences 

CH c x d ° a (A, M) = CH X , (A, M), CH*' ga (A, M) = CH X ' (A, M) 

where CH c ^ a {A,M) and CH x ' ga (A,M) are the usual higher Hochschild chains 
and cochains functors for CDGA's and their modules defined respectively in [P] 
and K3. 



using the canonical functor (similar to the one of Example n3 /„ : B-Mod E <~ -> A-Mod B " 
associated to any Boo -algebras map f : A B 
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3.3. Axiomatic characterization. The axiomatic approach to Hochschild func- 
tors over spaces for CDGA's studied in the authors previous work [GTZ2 extends 
formally to E^-algebras as well. It is actually an immediate corollary of the fact 
that Eaa-Alg (as well as any presentable (oo, l)-category) is tensored over simpli- 
cial sets in an unique way (up to homotopy). We now recall quickly the axiomatic 
characterization (similar to the Eilenberg-Steenrod axioms) and some consequences 
for Hochschild theory over spaces with value in Mod E<x . A similar story for factor- 
ization homology of £ n -algebras has been developed recently by Francis |F21 [AFTJ . 

We first collect the axioms characterizing the (derived) Hochschild chain theory 
over spaces into the following definition. Let Forget : Top*oo — > Topoo be the 
functor that forget the base point. 

Definition 3.23. An i^-homology theorjj^Jis a pair of oo-functors CA : Topoo x 
E^-Alg -> Eoo-Alg, denoted {X, A) i-> CA X {A), and CM : Top*^ x Mod E °° -> 
Mod E °° , denoted (X,M) H> CMx(M), fitting in a commutative diagram 

(7) Top too x Mod E ~ — — > Mod F 

Forget X i 

CA — 

Topoo x Eoo-Alg E^Alg 

satisfying the following axioms: 

i) value on a point: there is a natural equivalence CM p t (M) = M in Mod Eoc 

ii) monoidal: there is a natural equivalence 

CMxuy(M) = CMx(M) ® CA y {l(M)) 

(where X £ Top* ^ and Y € Topoo), 

iii) excision: CM commutes with homotopy pushout of spaces, i.e., there is 
a natural equivalence 

CM Xu h y (M)=CMx(M) d CAy{l{M)) 

z CAzMM)) 

where X G Top* oa , Y,Z g Topoo ■ 

Remark 3.24. Since any i^-algebra is canonically a module over itself, there is 
also a canonical functor : Eoo-Alg — > Mod E °° , hence a functor ( — x <j> : 

Topoo x Eoo-Alg — > Top*oo x Mod E °° giving rise, by composition with i oCM to 
a functor ip : Topoo x Eoo-Alg — > Eoo-Alg. By axioms i) and ii) in Definition |3. 23 
and commutativity of the diagram Q, we get a natural equivalence 

i/>x(A) ct>{A)®CA x {A). 

Hence, the functor CA is actually completely defined by the functor CM.. 

Remark 3.25. We also define a generalized i?oo-homology theory to be a triple 
of functors F : Mod E °° -t Mod E °° , CA : Topoo x Eoo-Alg Eoo-Al g and CM 



Top* oo x Mod E °° — > Mod Eao satisfying all properties as in Definition 3.23 except 
that the value on a point axiom is modified by requiring a natural equivalence 
CMpt(M) = F(M) in Mod E °° . 

"with value in the symmetric monoidal (oo, l)-category (fc-Modoo, <8>) 
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The next Theorem shows that higher Hochschild homology theory is the unique 
functor satisfying the assumptions of Definition |3.23| 

Theorem 3.26. (1) The derived Hochschild chains functors CH : Top^ x 
Eos -Alg — > Erx, -Alg ( see Proposition^^ and the derived Hochschild chains 
with value in a module CHx ■ Top^^ x Alod E °° Mod E °° (see Proposi- 
tion 



3.20) is a Eoo -homology theory in the sense of Definition 3.23 



(2) Any E^ -homology theory (in the sense of Definition 3.23) is naturally 
equivalent to derived Hochschild chains, i.e., there are natural equivalences 
CAx(A) CH X (A) andCMx(M) = CH x (i(M),M). 

Proof. This is essentially implied by the fact that CHx (A) = A Kl X is the tensor 
of A with the space X and that such a tensor is defined uniquely, see [L-HTT1 



Corollary 4.4.4.9]. Note that the first assertion follows from Proposition 3.20 and 
Proposition |3.9[ The proof of the uniqueness follows from the proofs of Theorem 
4.2.7 and Theorem 4.3.1 in [GTZ2]. The excision and the value on a point axioms 
applied to X = Z = pt show that there is a natural equivalence 

CM Y {M)=M ® CA y {l{M)) 

which reduces to proving the assertion for CA. Since t : Mod E °° — > E^-Alg 
is monoidal, CA is monoidal. Similarly, the natural equivalence Q implies that 
CA satisfies the excision axiom (in the category of E^o-algebras). Now the proof 
of |GTZ2( Theorem 2] applies verbatim. The argument boils down to the fact that 
Topoo is generated by a point using coproducts and homotopy pushouts. □ 

We now list a few easy properties derived from the above Theorem |3.26| 

Corollary 3.27. (1) The derived Hochschild chain functor is the unique func- 
tor Topoo x Erya-Alg —¥ Erya-Alg satisfying the following three axioms 

(a) value on a point: There is a natural equivalence of E^-algebras 
CH pt (A)^A. 

(b) coproduct: There are natural equivalences 

CH U(Xl) {A)= lim §§CH Xk {A) 

KCI 

K finite 

(c) homotopy glueing/pushout: there are natural equivalences 

CH XU , Y (A) = CHx(A) ®\j Hz{A) CH Y (A). 

(2) (generalized uniqueness) Let F : Mod E °° — > Mod Ex , CA : Top^ x 
Eoo-Alg — y E^-Alg and CM : Top^^x Mod E °° — > Mod E =° be a generalized 
Eaa-homology theory. Then there is a natural equivalence 

CMx(M) S CH x (i(F(M)),F(M)). 

(3) (commutations with colimits) The derived Hochschild chains functors 
CH : Topoo x E^-Alg -> E^-Alg and CH : Top^ x Mod E °° -» Mod Ex 
commutes with finite colimits in Topoo and all colimits in Mod E °° , that is 
there are natural equivalences 

CH Xi (i(M), M) = lim CH Xi (i(M),M) (for a finite category F), 
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CH x (ljmAi)^ 15mCHx(Ai). 

(4) (product) Let X, Y be pointed spaces, M e Mod E °° and A = l(M) e 
Eoo-Alg. There is a natural equivalence 

CH XxY (A,M) ^ CH X {CH Y (A),CH Y {A,M))) 

in Mod E °° . 



Proof. The proof of the first assertion follows directly from Theorem 3.26| by ap- 



plying the monoidal functor i. The proof of the other assertions are the same as 
the analogous result for CDGA's proved in |GTZ2j . □ 

4. Eoo Chen models for mapping spaces 

This section is devoted to the relationship in between higher Hochschild chains 
and mapping spaces. In particular, we prove an E^-algebra version of the Chen 
iterated integral morphism studied in [GTZj . 

Let A be an i^-algebra. Recall that by the coproduct axiom and functoriality 



of Hochschild chains (see Theorem 3.26 Corollary 3.271, there is a natural equiv- 
alence A® A = CHgo(A) of -Eoo-algebras as well as a natural i^oo-algebras map 
CH S a(A) -» CHp t (A) = A. 

Lemma 4.1. Let X,Y be topological spaces and C*(X), C'*(Y) be their E^- 
bras of cochains. Denote ttx ■ X x Y — > X and try '■ X x Y — > Y the projections 



onto the first and second factors. The composition, 

(8) C* (X) ® C* (Y) C* (1x7)8 C* (1x7)4 CH s o (C* (X X Y)) 

— > CH pt (C*(X x Y)) =C*(Xx Y) 

is a natural equivalence of E^ -algebras. 

Proof. That the maps involved are natural (in X, Y G Topoo) maps of i^oo-algebras 
follows from the functoriality of I 4 C*(X) and the functorial and monoidal 



properties of the higher Hochschild derived functor (see Theorem 3.26). 

We now prove that the map (|8| is an equivalence. Note that if the ground ring 
k is a field (or if the cohomology groups of X, Y are torsion free), the map ^ 
induces a map H*(X) ® H*(Y) -» H*(X x Y) which is canonically identified 
with the Kiinneth isomorphism since for a graded commutative algebra, the map 
A ® A = CH s a(A) -> CH pt (A) = A is given by the multiplication in A (by 



Corollary 3.7 1 



For a general ground ring coefficient, note that as a mere i?i-algebra (via the 
forgetful functor E^-Alg Ei-Alg), the singular cochain complex C*(X) is en- 
dowed with the (strictly) associative algebra structure given by the cup-product. 
Let Di_,D_ be two open disjoint sub-intervals of D 1 and i : D\]\D\ D 1 
be the inclusion map. By definition (see |L-HA[ ILu3[ IFlj ). for any differential 
graded associative algebra (A,m), the canonical map of chain complexes (and not 
Ei -algebras) 

A®A S / A^ [ A = A 

Jd 1 _\\d 1 + Jd 1 

is the multiplication map m : A ® A — > A defining the ^-structure of A. If 



furthermore (A,m) is actually an i^oo-algebra, by Theorem 3.11 and functoriality 
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of derived Hochschild functor, there is a (homotopy) commutative diagram of chain 
complexes 




CH S o(A) 



CH pt (A) 



and thus, the map (TS|) is homotopy equivalent, as a map of chain complexes, to 



(9) 



C*(X) <g> C*{Y) 



C*(X x F) ® C*{X x7)Ac*(Ix F). 



The cochain complex structure of C*{X) is the normalization of the cosimplicial k- 
module n h-> C"(X) so that the above map ^ is the Alexander- Whitney diagonal 
AW : C*(X) ® C*(Y) -> C*(X x F) (in /c-Modoo). Since the Alexander- Whitney 
map is a quasi-isomorphism, the lemma follows. □ 

Remark 4.2. The map of ^-algebra C*(X) <g) C*(F) -> C*(A x Y) given by 
Lcmma [4.1| is in particular a map of chain complexes. From the last part of the proof 
of Lemma |4.1[ it follows that this map is equivalent in k-Modoo to the Alexander- 
Whitney diagonal (see the map ([9])), i.e. the map given by Lemma 4.1 is an 
i^oo-lifting of the Alexander- Whitney diagonal. 

Let X, be a simplicial set and Y be a topological space. We define a map 

ev : Y lx ' 1 xA"-> Y x " 
by ev(f, (t , • • • , t n )) = g, where for 

/ : (]J(X„ x A")/ ~ ) -> F and (t 0) - • • ,t n ) e A", 

we have, 

5K0 = /([Cn, (*0, ' ' ' ,tn)])- 

Note that this is a well defined map of cosimplicial topological spaces. In fact, 
ev is induced by the canonical map X n — ► Map(A n 7 \X,\) given by the unit of the 
adjunction between simplicial sets and topological spaces. 



Applying the cochain functor C*{— ) (Example 2.5) yields a natural map 
(10) ev*:{C*{Y x >)) {im) ^{C*{Y\x>\xX)) {im 
of simplicial -Eoo-algebras. 

Lemma 4.3. The geometric realization of the simplicial E^-algebra (C*(Z) x 
^ l ))(ieN) * s na t ura tty equivalent to C*(Z), as an E^-algebra. 
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Proof. By Lemma 4.1 there is a natural equivalence C*(Z x A 1 ) = C*(Z)<g>C*(A J ) 
in E^-Alg. This induces an equivalence, 

C*(Z) (C*(A*)) {im (C*(Z) x A')) (i£N) 

of simplicial E^-algebras. Since the constant map A' — > pt is a homotopy equiva- 
lence, the canonical map C*(pt) —> C*(A I ), where C*(pt) is viewed as a constant 
simplicial -Eoo-algebra, is an equivalence. Composing the above with the equiva- 
lence, 

C*(Z) ® (c*(pt)) (im) -2* C*{Z) ® (c*(A*)) (46H) 

gives rise to an equivalence between C*{Z) and the constant simplicial iSoo-algebra 
C*(ZxA«). □ 



Let X, be a simplicial set. Iterating Lemma |4~T| we get, for any n <G N, a natural 
map of Eoo -algebras 

(11) CH Xn (C*(Y)) — 



Composing the map (11) with the ev* map in (JlOh , we get a natural morphism of 



simplicial -Eoo-algebras, 

(12) It : CH^ np (C*(Y)) — > C*(Y X ') ^ C* (Y^ x A*). 

The following result is an integral, -Eoo-lifting of the iterated integrals |GTZ2| . 

Theorem 4.4. The realization of the map It : CH S ^ P (C*(Y)) ->■ C*(Y^ x ^xA') 
yields a natural morphism of E^-algebras 

It : CH X .{C*{Y)) — > C*{Y\ X '\). 

Further, if \X,\ is n- dimensional (i.e. the highest degree of any non- degenerate 
simplex is n) and Y is n-connected, then the map It is an equivalence. 

Proof. Since the natural map ([llj, CH S ^ P (C* (Y)) ->■ C* (Y x '), and the map ([To), 



C*{Y X ') e A- C*(Y\ X, \ x A*), are simplicial, their realization yields a map of E^- 
algebras 

CH Xm (C*(Y))^C*(Y lx ' 1 ) s c^r 1 *- 1 ) 

where the last equivalence follows from Lemma |4.3| This defines the map It which 
is natural by construction. 

Now, we assume is rt-dimensional and Y is n-conncctcd. We only need to 
check that the underlying map of cochain complexes CHx.(C*(Y)) — > C*(Y' Xm ' x 
A*) is an equivalence in the (oo, l)-category of cochain complexes. The proof of 



Lemma 4.1 (see Remark (4.2)) implies that the cochain complex morphism 

CH X .(C*(Y)) — -> C*(Y X ') 

is the map induced by the iterated Alexander- Whitney diagonal. Since the geo- 
metric realization commutes with the forgetful functor E^-Alg — > k-Modrx,, the 
geometric realization of the map C*(Y X ') — > C*(Y> X '> x A*) is equivalent in 
k-Modoo to the map induced by the slant products 

c\y x ") -> c £ (yi x -i x a £ ) ^ 
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by the fundamental chain [A™] given by the unique non-degenerate n-simplex of 
A". 

Hence we have proved that It is equivalent in k-Mod^ to the composition 



0CTxJc(y))^0c*(y^ 



n>0 



n>0 



0c"(yi x -i x a 1 



,/[A" 



n>0 



This last map is a quasi-isomorphism under the appropriate assumptions on X, 
and Y using the same argument as in [GTZ1 IPTj . □ 

Remark 4.5. Let Y = M be a manifold and k a field of characteristic zero. Then, 



by Corollary (3.7 1 and homotopy invariance of higher Hochschild cochains, there is 



a natural equivalence of -Eoo-algebras 

CH X .(C*(M)) = CH^ a (Q,(M)). 

Unfolding the proof of Thcorem |4.4| and the construction of the map in Lemma [4~T 
one can check that the map It : CH X ,{C*{M)) -> C*(M^), given by Theo- 



rem 



4.4 coincides with the generalized Chen's iterated integrals defined in [GTZ, 
Section 2]. In particular, when X, is the standard simplicial set model of the 
compact interval or the circle, we recover the original Chen iterated integral con- 



struction |Chj . This justifies our notation It for the map defined in Theorem 4.4 



Similarly the argument of the proofs of Theorem |4.4| and Lemma |4.1| as well 



Theorem 3.11 (applied to the forgetful functor from iJoo-algebras to Si-algebras) 

show that the iterated integral map It : CH X .(C*(Y)) -> C* \Y^ x '^j given by 

Theorem |4.4| is homotopy equivalent to the map of differential graded algebras 
described in |PT] , In particular, for X — Si, we recover an i^oo-algebra lift of 
Jones quasi-isomorphism | Jo] . 

Similarly, if X is a topological space, by choosing a simplicial model X, for X 
(that is a simplicial set with an equivalence \X m \ — > X), we ge t a natural equiva- 



CHx.{C*(Y)) and thus Theorem 4.4 yields the following 



lence CH X {C*{Y)) 
corollary. 

Corollary 4.6. The map 

It : CH X (C*{Y)) CH X ,{C*{Y)) — > C*(Y X ) 
is a natural morphism of E^- algebras and an equivalence ifY is dim(X) -connected. 



We will give a cohomological version of Theorem 4.4 Assume now that X is 
pointed (by a map e : pt — > X) and choose a pointed simplicial set model X, of 
X. By naturality of the map It in Theorem |4.4| there is a commutative diagram 
of -Eoo-algebras maps: 



(13) 



CH Xm {C*(Y)) 



C*(Y) = CH pt (C*(Y)) 



ii 



11 



C*(e*) 

c*(r pt ) ^ c*(Y). 
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Horns 



Homr 



in which the lower map is the identity map by construction. It follows that It 
is a C*(y)--E 00 -module map. Denoting M v = Horrik(M,k) the linear dual of M 
(equipped with its canonical A-E^-structure if M is an A^-i^oo-module), we thus 
get a map 

(14) It* :C t (Y x \ = C,(y^ x '^ — > Hom k ((C*(Y\ x '\)),i 

ic-(Y) (V(yi x -i)),(c*(r)) v 

ic-(Y) (CH X .(C*(Y)),(C*(Y)] 

S CH X ' (C*(Y), (C*(F)) V ) = CH X (C*(Y), (C*(Y)Y 

where the first map is biduality morphism, the second map is the canonical isomor- 
phism and the last two isomorphisms are from Definition 3.16| 

Corollary 4.7. The morphism It* : C*(y x ^j — ► CH X (c*(Y), (C*(Y))^ in 
k-Modoo is natural in X and Y . 

Further, ifY is dim(X) -connected and the homology groups ofY are projective 
and finitely generated in each degree, then Xt* is a quasi-isomorphism. 

Proof. That It* is natural in X and Y is immediate since all maps involved in 
its definition are natural in their two arguments. The assumption Y is dim(X)- 
connected ensures that It is a quasi-isomorphism. Further the above assumption 
together with the assumption on the homology groups of Y ensures that the bidual- 
ity map C* ^Vl x, l^ — ► Horrid ((C*(y' x *')), k) is a quasi-isomorphism as well. □ 

5. Algebraic structure of higher Hochschild cochains 

5.1. Wedge and cup products. Let A be an E^-algebra and assume B is an 
A-algebra, i.e., an E^-algebra object in the symmetric monoidal (oo, l)-category 
A-Mod E ™ of A-modules, see |L-HA| [KM] for details. 

Example 5.1. A map / : A — > B of .E^-algebras induces a natural E^yl-algebra 
structure on B. 

Note further that, if B is a unital E^-A-algebra, then the map a H> a ■ lg lifts 
to a map / : A —> B of iJoo-algebras such that the induced -Eoo-A-algebra structure 
on B is equivalent to the original one. 



Since there is a canonical map via ■ A® A — > A of i^-algebras (Proposition 2.8 1, 
any ^-module has a canonical structure of A Cg) A-module. 

Lemma 5.2. Let M £ A-Mod E °° be an A-module and X, Y be pointed topological 
spaces. There is a natural equivalence 

pi : Horn Ac& A (CH X (A) ® CH Y {A),M) CH XvY (A, M) 

Proof. The excision property yields a natural equivalence 



(A) ^ A ® (cHx{A)®CH Y {A)\ 



CHxmy 

A® A 

It follows that we have an equivalence 

Bom A ® a (CH X {A) ® CH Y {A),M) £* Hom A (CH XVY (A), M) 
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and the result now follows by Definition |3.14| □ 



Using the above Lemma |5.2[ for pointed spaces X, Y and B an ^4-algebra, we 
can define the following map 

(15) 

: CH X (A, B) ® CH Y (A,B) — > Hom A(g>A (CH X (A) ® CH Y (A) , £ <g> 

{71 H* Hom A ® A (cH x {A)®CH Y {A),B) = CH XyY {A,B) 
where the first map is given by the tensor products (/, g) i— > / (8 g of functions. 

Definition 5.3. We call : CH X (A,B) ®CH Y (A,B) -> CH Xx,Y (A,B) the 
wedge product of Hochschild cochains (here we do not require that B is unital). 

Note that this construction was already studied in some particular cases in our 
previous papers [G] IGTZ| . 

Example 5.4. If A, B are actually CDGA's and given finite pointed set mod- 
els X,,Y m of X,Y, the map ^ v can be combinatorially described as follows. We 
have two cosimplicial chain complexes CH X ' {A, B) (g) CH Y ' (A, B) (with the diag- 
onal cosimplicial structure) and CH x ' wYm (A, B). There is a cosimplicial map fi : 
CH X - (A, B) ® CH Y ' (A, B) -> CH x - vY ' {A, B) given, for any / e CH X ™ (A, B) S 
Hom A {A®# x ™,B), g e CH X »(A,B) = Hom A {A®# Y ™ ,B)) by 

n(f>9)( a o,a 2 ,...a # x n ,b 2 , ■ ■ -,b#y n ) = ±a .f(l,a 2 , . . . a#x„).fl<(l, h, ■ ■ -,b#Y n ) 

where ao corresponds to the element indexed by the base point of X n V Y n (the sign 
is given by the usual Koszul-Quillen sign convention). Composing the map p, with 
the Eilenberg-Zilber quasi-isomorphism realizes the wedge map ( |15[ ): 

/A/ : CH X (A, B) <g> CH Y (A, B) -> CH XvY (A, B). 

Proposition 5.5. The map fly is associative, i.e., there is a commutative diagram 

CH X {A, B) ® CH Y (A, B) <g> Ci? z (A, B ) M _^!t CH XvY {A, B) « Ctf z (A, B) 



CH X {A, B) ® Ctf yvZ (A, B) - ^ Ci/ XvyvZ (A, B) 

m k-Modoo. 

Proof. It follows from the associativity of the wedge product of spaces and tensor 
products of -Eoo-algebras as used in Lemma [S~2| and Proposition |2.8| □ 

Let X be a homotopy coassociative co- //-space, i.e., a topological space X en- 
dowed with a continuous map Sx :I->XVI which is co-associative (up to ho- 
motopy). Note that all suspension spaces has this structure, even though they are 
rarely manifolds. Then, by functoriality, we get a morphism 8* x : CH XvX (A, B) — > 
CH X (A,B). 

Corollary 5.6. Assume X is a homotopy coassociative co-H-space. The composi- 
tion 

U x : CH X {A,B)®CH X {A,B) CH XwX {A,B) CH X (A,B), 
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called the cup-product, induces a structure of graded associative algebra on the 
cohomology HH X (A, B). It is further unital if B is unital and X counital. 



Proof. The associativity follows from Proposition 5.5 and Proposition 3.20 When 
B has an unit 1b and X is counital, then it follows from the contravariance of 
Hochschild cochains with respect to maps of pointed spaces that the unit of Ux is 
given by the canonical map 

(16) k — ^> B = CH P \A, B) {X ^ Y CH X (A, B) 

since, by definition, the two compositions [id V (X — > pt) \ o Sx and ((X — > 
pt) V id\ o Sx are homotopical to the identity and, further, the composition 

CH X {A,B)(E)k ld ^ B CH X (A, B) ® CH pt (A,B)^4 CH X (A, B) 

is the identity map of CH X (A, B) (as can be checked on any simplicial set model 
oiX). ' □ 

In particular, the pinching map S d — > 5 d V S d obtained by collapsing the equator 
to a point induces a cup product U S d : CH sd (A, B) ® CH sd (A, B) CH sd (A, B) 
for Hochschild cohomology over spheres for any i^-algebra A and A-algebra B. 
For CDGA's, this cup-product agrees by definition and Remark |3.22| with the one 
introduced by the first author in [G] . 

Example 5.7. In the case of spheres and CDGA's, there is an explicit description 
of the cup product if one uses the standard model of the dimension d sphere. 
Recall that the standard simplicial set model of the circle S 1 is the simplicial set, 
denoted (S^)., generated by a unique non-degenerate simplex. Thus (Sl t ) n := n + 
where n + = {0, • ■ ■ , n) has {0} for its base point see [Gl IGTZ1 IP] . The standard 
simplicial set (Sf t ), is the iterated smash product (S d t ), = (Sl t ), A ■ ■ ■ A (S^). 
so that (Sf t ) n = (n d ) + . Using this standard simplicial set model, we have an 
equivalence 

CH sd (A,M) = CH^'(A,M) = Hom k (A®^ d ,M) 

see [G] (in particular, for the description of the differential on the right hand side). 
Note that we do not know any simplicial map (Sf t ), —> (S d t ), V {S d t ) m modeling 
the pinching map. However, there is an obvious map sd2((S d t ) m ) (S d t ) m V (S d t ), 
modeling this map (where sd2((S d t ),) is the edgewise subdivision |McC| and can be 
seen as the simplicial model of the circle obtained by gluing two intervals at their 
endpoints) . 

There is however a cochain complex map making CH^^' (A, B) a differential 
graded associative algebra on the nose described in [G]. Let / 6 C^ s ->*^ (A, B) = 

Hom k (A®( pd ) ,B) and g € C^"{A,B) S Hom k {A®( qd ) , B). Define / U g € 

C( S *^+«(A,B) S Hom k (A®^ p+q)d ) ,B) by 

(17) / U g((a il ,...,i d )i<i 1 ,... r i d < p+q ) 

= f((ai u ---4 d )i<ii,....i d <p)g((ai 1 ,...,ijp+i<i 1 ,...,i d <p+q) JJ Oil, ...,3d 

where the last product is over all indices which arc not in the argument of / or g. 
Note that for d = 1, this is the formula of the usual cup-product for Hochschild 
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cochains as in |Gej and for n = 2, this is the Riemann sphere product as defined 
in [GTZ] . 

The following Lemma is proved using a straightforward computation 

Lemma 5.8. Let A be a CDGA and B a commutative differential graded A- algebra. 
Then (CH^ Sst ^' (^4, B), d, Uo) (where d is the total differential as m[G llGTZ] ) is an 
associative differential graded algebra (and unital if B is unital). 

The above explicit formula for the cup-product realizes the cup-product induced 
by the co-H space structures of the spheres. 



Proposition 5.9. The natural equivalence CH S ^'(A, B) = CH sd (A,B) 



is an 



equivalence of E\-algebras (with E\-structures induced by Lemma 5.8 and Corol- 



lary 5.6) 



Proof. The proof in the case d = 2 is given in the proof of jGTZl Proposition 
3.3.17]. The argument for general d is the same. □ 

We finish this section by giving a more structured version of the wedge product. 



The wedge product (15 1 is the degree 0-component of a higher homotopical tower 
of wedge products. Since B is an E^-algebra, it is in particular, by restriction of 
structure, an _E n -algebra for any positive integer n. Thus, for any c £E C*(C n (r)) 
(where C*(C„) is the little dimension n-cubes operad), we have a map of A® k - 
module rngfc) : B® r — > B. Similarly to the wedge product, we can thus define 
the composition 

r r 

(18) M v (c) : (g) CH X > (A, B) — > Hom A ®r ( (g) CH Xi (A) , B* 

i=l z=l 

(m ^> )) * Horrid ( (g) CH Xi (A),B) = CJ?Vr =1 * {A , B). 

i=l 

where the first map is given by the tensor products of functions. 

Remark 5.10. When B is a CDGA, then all operations jtxv(c) vanishes if c is not 
of degree 0. 

5.2. A natural E^-algebra structure on Hochschild cochains modeled on 
c?-dimensional spheres. We have already seen the definition of the cup product 
for Hochschild cochains modeled on spheres for fi^-algebras, see Corollary |5.6| We 
now turn to the full .E^-structure on CH S (A,B). In [G], the first author proved 
that if A is a CDGA and B is a commutative A-algebra (for example B = A), 
there is a natural _E„-algebra structure on CH S " [A, B). In this section we recall 
this construction in the context of co-categories of i?oo-algebras. We will relate this 
construction to centralizers in the sense of Lurie [L-HA1 lLu3] in Section [7J 

Recall that we denote Cd the usual d-dimensional little cubes operad (as an op- 
erad of topological spaces) whose associated oo-operad is a model for E®, see |L-HAl 
ILu3] . Cd{r) is the configuration space of r many d-dimensional open cubes in L d . 
Any element c € Cd(r) defines a map pinch c : S d —> Vi=i r 3 d by collapsing the 
complement of the interiors of the r cubes to the base point. The maps pinch c 
assemble together to give a continuous map 

(19) pinch : C d (r) x S d — -> \J S d . 
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Note that the map pinch preserves the base point of S d hence passes to the pointed 
category. 

For any topological space X, the singular set functor X i->- A m (X) := Map(A', X) 
defines a (fibrant) simplicial set model of X. Hence, applying the singular set 
functor to the above map pinch, the contravariancq 10 | of Hochschild cochains (see 



Proposition 3.9 and Proposition 3.201 and the wedge product (18 1 /i v , we get, for 



all r > 1, a morphism 

(20) pinch* sd r : C* (C d {r)) <g> (CH S \A, B) 



CH S \A,B) 



/ \ ®2 

in k-Modoo. Here diag : C*(Cd(r)) — > (C*(Cd(r)) is the diagonal and diag^ x \ 
diag^' its components. 

Theorem 5.11. Let A be an E x -algebra and B an E^-A-algebra (not necesssarily 
unital). The collection of maps (pinch gd k )k>i makes CH S (A,B) an Ed-algebra 
( naturally in A, B ), which is unital if B is unital. Further, t he u nderlying E\ - 
structure of CH S (A,B) agrees with the one given by Corollary 



5.6 



Proof. To prove the first statement we need to prove that the morphisms pinch* sd 
are compatible with the operadic composition in C*(Cd(r)), the singular chains on 

the little e?-dimensional cubes. Since the diagonal diag : C* (Cd(r) — > ( C* (Cd(r) ) 

is a map of oo-operads, by Proposition |5.5[ this reduces to the commutativity of 
the following diagram for every j G {1, . . . , k} 

Cd(k) x c d (i) x s d ^lc d (i) x V i= i... fc s d 

o ■ xid j id., w xpinchxid, , ec j 

U J A 'V Vi=i,..j-iS° * Vi=j + i...k s 

c d (k + e)xs d pmch > \j l=1M s d 

in other words it reduces to the fact that the pointed sphere S d is a C^-coalgebra 
in the category of pointed topological spaces endowed with the monoidal structure 
given by the wedge product. 

The underlying .Ei-structure is given by any element in C^(2) generating the 
homology group i?o(Cd(2),Z) = Z. We can, for instance, take the configuration of 
the two open cubes (— l,0) d and (0, l) d in (— 1,1) . It follows immediately with 
this choice, that the associated -Ei-structure is given by the cup-product Ugd of 



Corollary 5.6 up to equivalences of i?i-algcbras. The unit is given by the map (16) 
as in Corollary |5.6| 

□ 



with respect to maps of topological spaces 
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This theorem will be generalized in Theorem |8.8| below to also include generalized 
sphere topology operations. The naturality in A and B means that if C is a B- 
-Boo-algebra map, then, there is an E^-algebra homomorphism 

CH sd (A, B) <gs CH sd (B,C) — ► CH S " (A, C) 



see Proposition 7.12 and Theorem |7.7 



Remark 5.12. For d > 1, Theorem 1 5 . 1 1 1 implies that the cup-product makes the 
Hochschild cohomology groups HH S (A, B) a graded commutative algebra (and 
not only associative as in the case d = 1). 

Further, when B = A (endowed with its canonical A-algebra structure), the -Ed- 
structure can actually be lifted naturally to an E^+i-structure; see Theorem |7.25| (3). 



Remark 5.13. Similarly to Example 5.7 it is possible (but a bit tedious) to give 



explicit description of the higher U^-products on the standard models of the spheres. 
Details are left to the interested reader. 

The core of the proof of Theorem |5.11| is the E^-co-ii-space structure of the 
sphere. We say that a pointed topological space X is an E^-co-ii-space if it as 
E^-coalgebra in the category of pointed spaces with monoidal structure given by 
the wedge product. 

In other words, there are continuous maps Cd(k) x X — > Vf=i k ^ which are 
compatible with the operadic composition in C ( i- Mimicking the proof of Theo- 
rem |5 . 1 1 1 gives the following enhancement of Corollary |5.6| 



Corollary 5.14. Let X be an E^-co-H -space, A an E^-algebra and B an E^- 
A-algebra. Then there is a natural (in X in E^-co-H -space, A and B) Ed-algebra 



structure on CH X (A, B) refining the cup-product of Corollary 5.6 



6. Factorization homology and E„-modules 



In this section, for n = {1,2, ...,} U {+oo}, we collect some results on the 
category of E„-modules over an E„-algebra A. In particular we identify it with left 
modules over the factorization homology J Sn -i A in 
Eoo-modules to show the existence and uniqueness of t : 



G.l 



Then we apply this to 



,he lift of Poincare duality in 
the category of Eoo-modules in § 6J3 These results are latter used in § [7] and § [8] 



6.1. Universal enveloping algebra of an E„-algebra. In this section we will 
recall some general results that are needed, among other places, in the proof of 



Proposition 7.2 We start with the following very useful result describing the uni- 
versal enveloping algebra of an E„-algebra in terms of factorization homology. Note 
that universal enveloping algebras of E„-algebras are given by the left adjoint of 
the forgetful functor E n -Alg — > fc-Modoo . 

Proposition 6.1 (Francis, Lurie). Let A be an E n -algebra (n £ N). The category 
A-Mod En is equivalent as a symmetric monoidal (oo, l)-category to the category of 
left modules over the factorization homology J Sn _ 1 (A), with respect to the canonical 
outward n- framing on S 71 ^ 1 C R n . 

Proof. This is proved in |F1] and can also be found in |Lu3[ IL-HAj . Note that by 
the oo-version of the Barr-Beck theorem [Lull IL-HA] for any E„-algebra A, there is 
an E„-enveloping algebra £ E x -Alg with a natural equivalence U^-LMod = 
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A-Mod En , see loc. cit and also [Frej . Now the result follows from the natural 
equivalence ^ J Sn -i A see |F1[ Proposition 3.19]. □ 



This Lemma extends to the case n = oo, see Lemma |6.8| and more importantly 
Theorem 16.61 below. 



Remark 6.2. In terms of factorization algebra, the equivalence in Proposition |6.1| 
can be thought of as the pushforward of factorization algebras. The (euclidean) 
norm of a vector defines a canonical map N : D™ — > [0,1)*, where [0,1)* is the 
half open interval with a unique closed stratum given by the point 0. The (oo, 1)- 
category of locally constant factorization algebra on the stratified manifold [0, 1)* 
is equivalent to the (oo, l)-category LMod. The above equivalence is induced by 
the pushforward : Fac 1 ^ —> F acjg ^ by N. 

We will later need the following lemma, which expresses the compatibility of 



the equivalence of categories given by Proposition 6.1 with the inclusions of E n+ i~ 
algebras inside _E„-algebras. We feel this lemma is of independent interest anyhow. 
Suppose X is a codimension 1 submanifold of an n-framed manifold and Y endowed 
with a trivialization i/cIxR^Yofa tubular neighborhood in Y. Then, for 
any ^-algebra A, there is a canonical map ip : J x A — > J Y A (which depends on 
the trivialization). 

Lemma 6.3. Let A be an E n+ i-algebra and (j> n : S 1 ™ -1 x R <— >• S n the inclusion 
of an open (tubular) neighborhood of the equatorial sphere S 1 ™ -1 = S n (1 (R™ x 
{0}) inside S n . The following diagram, in which the vertical arrows are given by 
Proposition \6.1\ is commutative, 

A-Mod En+1 > A-Mod E " 



(J s „ A) -LMod (f S n-i A) -LMod 

Proof. The universal property of the -E ra -enveloping algebra f/Jj implies that the 



A 

map of oo-operad E® — ► E® +1 (see § 2.2 1 yields a canonical map of i^-algebras 



(n) 



— > ■ It remains to identify the composition n : § Sn _ t A = U A 

U A +1) - fs« A with to prove the lemma. From the proof of |FH Proposit 
3.19], we know that is computed by the colimit of a (simplicial) diagram, 

(21) H E®(K]J{pt})®A® K 1= H Ef^Ljlipt} 

KeFin Ef(J,/) 

Similarly, J s „-i A can be computed as the colimit of a similar diagram, 
(22) 

]]_Emb fr (jjD n ,S n - 1 xR^A SK t= JJ Embfr (]]_D n ,S n - 1 xM))®A< s > J ■■■ 

KeFin K E?(J,7) I 

where Emb^ r denotes the space of framed embeddings. 

Furthermore, the equivalence ~* Is™- 1 ^ * s m d uce d by the canonical maps 
E®(K]J{pt}) -> Emb fr (lI^-D",^ 1 x r) obtained by translating the disk 
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labeled by the distinguished point to the origin; see the proof of |Fll Proposition 
3.19]. 

The natural map — > U^ +1 ^ is induced by the natural maps E® \\,{pi}^j — > 

E t+i( K LKpO) india gram pi]). Since the natural map of oo-operads E® — > E® +1 
is given by sending n-dimensional disks D to D x R, we get commutative diagrams 



E 



S?(*II{pO) ^K + i(KU{pt}) 



Emb fr ( \J K Dn > 5 ' n ~ 1 x R ) > EmW r ( ]\ K D n+1 , S n 



where the lower map is induced by the embedding 

<j) n x R : (S 11 - 1 xI)xIhS"x! 

prescribed in the assumptions of the lemma. It follows that 6 n : f sn -i A = 
L/^n+i) = J sn A is obtained by taking the colimit of these lower maps 

Emb fr (JJD 71 ^"-- 1 x Rj Emb fr ( ]J D n+ \ S n x 

K K 



applied to diagram (22), which, by definition, is the map (j) n : f s „-% A — > J s „ A. □ 



Remark 6.4. It follows from the axioms of factorization homology (see |Lu3(IL-HXl 
IFlj or |GTZ2[ Section 6]) that for any i?„-algebra A, there is an natural equivalence 
A = J Dn A in k — Mod^ . Since D n can be expressed as the uniorj^j of itself with 
a trivialization of S*™ -1 x D 1 , there is a natural left (J s „-i ^4)-modulc structure on 
J D „ A see [Lu3llL-HAj . [FT1 Section 3] or jGTZ21 Section 6.3] for details. Note that 
this left ( f s „-i A) -module structure is given by a map 

A® [ A= [ A — > / A 

- 1 JD" J(S"- 1 X_D 1 ) TJD" JD" 

induced by any embedding x D 1 ) ]j-D" t -t D n mapping D n onto a subdisk 

D(0,r) C D n (for some radius r > 0) and S 1 ™ -1 x D 1 onto a sub-annulus included 
in D n \D(0,r). 



By Proposition 6.1 we thus get a natural ^4-i?„-module structure on A which 



relates to the canonical A-^-module structure of A as follows. 

Lemma 6.5. The natural equivalence A = j Dn A is an equivalence of A-E n - 
modules. 

Proof. Considered a framed embedding of D" <^-» W 1 . Since D n \ {0} is framed, the 
result follows from [Fll Remark 3.26]. In fact, the proof of [Fit Proposition 3.19] 
applied to A and not the unit object of C = k-Modoo gives an equivalence of left 
fgn-i ^4-modules between A viewed as an (f sn -i ^4)-module and f D „ A. □ 

n that is, D n ^D"U™-i yn i0 
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6.2. Application of higher Hochschild chains to prove Theorem |6.6[ For 

-E^-algebras, Proposition 6.1 has a simpler and well-known jL-HAl [KM , Frc form, 
see Theorem |6.6| below. In this section, we recall this result and then give an 
independent proof using the formalism of factorization homology/higher Hochschild 
chains. 

The following Theorem is due to Lurie |L-HAi Proposition 4.4.1.4], |Lu2j and 
also appeared independently in the work of Fresse |Frej . 



Theorem 6.6. Let A be an Eaa-algebra. There is an equivalence of symmetric 
monoidal oo-categories between the category A-Mod E °° of Erx, A-Modules and the 
category of left A-modules (where A is viewed as an E\-algebra). In particular: 

• Any left A-module can be promoted into an E^-A-module (up to quasi- 
isomorphisms) 

• Any map f : M N of left A-modules can be lifted to a map of E^- 
modules (up to a contractible family of choices ) 

The theorem allows to reduce the study of -Eoo-modules on C* (X) to the study of 
left modules on the (differential graded) associative algebra (C*(X), U), for instance 
see § |6.3| Also see Example |6.11| and Remark |6.12| for a more explicit description 
of the lifts of left modules into -E^-ones. 

Remark 6.7. When A is an E^-algebra the categories of left and right modules 
over A (viewed as an E^-algebra) are equivalent. Hence one can replace left modules 
by right modules in Theorem |6.6| 



The rest of this section is devoted to an alternative proof of Theorem |6.6| using 



6.1 and higher Hochschild theory. We first start with the following analogue of 



Proposition |6.1| 

Lemma 6.8. Let A be an E^-algebra. The category A-Mod E °° of E^-A-Modules 
is equivalent as a symmetric monoidal (oo, l)-category to the category of left modules 
over the derived Hochschild chains CHs<*> (A), viewed as an E\ -algebra by forgetting 
extra structure. 



3.11 



there is a canonical equivalence J Sn A = CHs^ {A) for 



Proof. By Theorem 
any n£N. 

The maps of operad Ef — ► Ef +1 are induced by the maps ' 
which, by restriction induces canonical maps S t ~ 1 = S l (1 ( 
by functorialit y, m aps (pi : Cffgi -i (A) — > CHgi(A). 



W x {0} M 4+1 
{0}) ^ S l , and, 



By Lemma 6.3 (and Theorem 3.11 ), we get a commutative diagram 

>■ . . C A-Mod El 



■A-Mod E "+ lC - 



■ A-Mod En (- 



■ CH S ~ (A)-LMod V CHgn-i (A)-LMod 



■CH s o(A)-LMod 



From Lemma 6.9 we deduce a natural equivalence 

A-Mod E ~ = MmCH S n(A)-LMod. 

n>l 

Mimicking the proof of |GTZ2l Lemma 5.1.3], we get a natural equivalence 
lim (CH S (A) CH s i (A) -> > CH S ^ (A) -> . . . ) ^> CH S ~ (A). 
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It follows that wc have an equivalence Ci?s°° (A)-LMod — > lim CHs^ {A)-LMod 

n>l 

and the lemma follows. □ 

Lemma 6.9. Let A be an E^-algebra, then CH$°°(A) is canonically equivalent to 
A as an E^-algebra. In particular, there is a canonical equivalence 

A-Mod E ™ = CHs~ {A) - Mod E ™ 

for any n <E {0, 1, ... , oo}. 

Proof. It follows from Theorem |3.26| since S°° is a deformation retract of a point. 

□ 

The canonical map E®_ l -> E® yields a natural functor A-M od En A-M od En - 1 
for any .E„-algebra A. 

Lemma 6.10. Let A be an E^-algebra. Then A-Mod Ex is the (homotopy) limit 
A-Mod E ™ ^lim( > A-Mod En -> A-Mod^- 1 -> > A-Mod E ^ 



Proof. Recall that E® = colim E® |Lu3i IL-HAj . Since we have commuting restric- 

n>l 

tion maps A-Mod E °° -> A-Mod En (n g N), there is a canonical map 

r : A-Mod E ™ — ► lim A-Mod E " . 

n>l 

We want to prove that this map r is an equivalence. Given any £" n -algebra A and an 
E n -A-module M, the trivial extension A(&M has a natural structure of -E n -algebra. 
The trivial extension functor M i— > A © M is a (natural in A) equivalence of oo- 
categories between A-Mod En and E„-Alg/ A which, by naturality, commutes with 
the restriction of structure functors A-Mod En —} A-Mod En ~ 1 and E n -Alg/ A —> 
E n -i-Alg/A. It follows that any object of lim A-Mod En is equivalent to an object 

n>l 

of UmE n -Alg/A. Such an object is a (homotopy type of) chain complex equipped 

n>l 

with compatible i? ra -structures for all n > 1, thus is an I*^ -algebra. It is also 
endowed with compatible augmentations of B„-algebras to A. Hence we get a map 

ip : UmE n -Alg/ A — > E^-Alg^ 

n>l 

which is a quasi-inverse of the canonical map 

t : Eoo-Alg/A — > UmE n -Alg/ A 

n>l 

induced by the restrictions functors. The result now follows by applying the (quasi- 
inverse of the) trivial extension functor. □ 



Proof of Theorem \6.6\ The first statement follows from Lemmas |6.8| and |6.9| and 
the last two statements are consequences of the first one. □ 

Example 6.11. Let A be an .Eoo-algebra and M be a left CHs^ (A)-module (here 
CHs=°(A) is equipped with its canonical E\ -structure by restriction of structure 
). Since CHs^(A) is in fact an E^-algebra, for any n € {1, . . . , oo}, it is canon- 
ically equivalent to its opposite £J n -algebra CHs°° (A) op . The equivalence is ex- 
plicitly given by the antipodal map S°° ^ S°° (and functoriality of Hochschild 
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chains). Thus, there is a canonical structure of CHs°° (A)<S>CHs°° (A)-i5 00 -modules 
on CHs<x>(A). By restriction of structure, the map 

CH S <* (A) ^> CH S ~ (A) (g) CH S ~ {A) 

endows CHs<^{A) with a right module structure over itself (viewed as an E\- 
algebra) which commutes with the C-Hs°° (A) -module structure induced by the 
map 

C# S oo (A) ^ CH S ~ (A) ® CH S o* (A). 

This extra structure of CHs°° {A) endows the tensor product (of a right and left 
module over CHg°° {A) viewed as an ii^-algebra) 

CH S ~(A) ®ch s ^{A) M 
with a structure of -Ec^-module. 

Remark 6.12. One can lift any left A- module to an A-E^-module in the same 



way as in Example 6.11 



By restriction of structure, any left A-module map between -Eoo-A-modules can 
be lifted to a map of i?„-modules (for n £ N U {oo}). For the sake of explicit com- 
putations we now explain how to realize this concretely using the higher Hochschild 
functor. Let M, N be -Eco-modules over A. By restriction of structure we get in 
particular left A-modules structure on M and N. Let / : M — > N be a map of left 
A- modules. The natural structure of A® A^-Eqo -module structure on A yields, by 



restriction of structure, Proposition 6.1 and Lemma 3.11 a natural structure of left 

/ \op 

A® I CHgn-i (A) J -module on A where the left factor A is viewed as an i5i-algebra 

only. It follows that, viewing N as left A-module only by restriction, Hoitia(A, N) 
is endowed with a natural left CHg n - i (A)-module structure and further that we 
have a natural isomorphism of left CHgn-i (A)-modules HorriA{A,N) ^ N (given 
by / M> /(l)). We get similarly a left CHg n -i (A) (g> A op -module structure on A and 
a natural equivalence of left CHg n -i (A)-modules A® a M ^ M (where the tensor 
product is over A viewed as an i?i-algebra only). 

We now explain how to lift / to an ^-module map (here n € {l,...,oo}). 
The canonical map D" — > pt being a homotopy equivalence, we get a natural quasi- 
isomorphism CH^n (A) — > A with quasi-inverse induced by the map sending a point 
to the center of D n . The canonical map S"^ 1 D n given by the boundary of 
D n gives a map of -Eoo-algebra CHgn-i(A) — > CHjjn(A) which, together with the 
previous morphism, endow CHd^(A) with a structure of left CHg n -i(A) ® A op - 
module. We thus have a natural quasi-isomorphism (of chain complexes) 

Hom CHsn _ 1 {A) (M, N) = Hora CHsn _ x {A) (A ® A M, Hom A (A, N)) 
HomcHg*-! (A) {CHd™ (A) ® A M, Hom A (A, N)) 

-=> Horn A (A ®CiT s „_ 1 (A) CHd" (A) ® A M, N)) 
where the last map is the canonical isomorphism 

i/j i y (x ®ch s „_ 1 (A) 2/ ® a m i-> ±ip(y ® A to) (x)J 

where the sign ± is given by the Koszul-Quillen signs rule. Note that there is an 
equivalence of E^-algebras A ® CTsii l CH D ™ (A) <F CH S ™A which induces, by 
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restriction, a quasi-isomorphism of left A (g) A op -modules (induced by the choice of 
two antipodal points on S n ). We thus get a quasi-isomorphism 

Horn A (A ^ob^-x (A) CH Dn {A) ® A M, N)) Hom A (CH S « (A) ® A M, N)) 
hence an explicit quasi-isomorphism 

(23) Hom CHsn _^ A ){M,N) Hom A (CH s «(A) ® A M,N)). 

The canonical map S n —> pt also yield a map of -Eoo-algebras CHg^ (A) —> A, 
which, by restriction of structures is also a map of left A <£> A op -modules. Hence; 
we have a natural morphism 

(24) Hom A (M, N) = Hom A (A ® A M, N) — > Hom A (CH S n(A) ® A M, N)). 
Thus, for any n, we can lift the left module map / G Hom A (M, N) to a map 



of left CHgn-1 (A)-module hence a map of A-EVi-module (by Proposition 6.1 



Lemma 6.8). Note that by Lemma 6.9 the map CHs°°(A) — > A is a quasi- 



or 



isomorphism, hence the map ( 24 ) is a quasi-isomorphism for n — oo and the lift of 
/ is unique in that case. However, lift of / to i?„-module maps are not unique in 
general for finite n. 

Remark 6.13. When A is a CDGA, the Hochschild chain complex CHjjn(A) is a 
semi-free module over CHgn-i(A) (provided we choose a simplicial model D™ for 
D n and take dD™ as a model for S n ~ 1 ), and therefore all equivalences involved in 



the maps (23) and (24) can be (quasi-)inverted by standard homological algebra 
techniques. Note that when A — C*(X) is the algebra of cochains for a topological 
space X, the map of -E^-algebras CHg^{A) — ► A can be factorized as a map 



CH S ~(C*(X)) -> C*(Map(S n ,X)) -> C*(X) 

where the last map is induced by the map X — > Map(S n , X) that sends every 
point in p £ X to a constant map C p : S n — > X defined as C p (a) = p. Hence, in 
the special case n = 1, we recover the construction of |FTV| . which was done for 
M = C*(X) and N = C*(X) only. 

6.3. Poincare Duality as a map of E^-modules. We now apply the results of 
the previous sections to achieve an i^oo-lift of the Poincare duality isomorphism for 
a closed manifold. 

Let C be an i^oo-coalgebra and let C v = Horrik(C, k) be its linear dual endowed 
with its canonical -Eoo-algebra structure; in particular, C v is naturally a i5 00 -C v - 
module. Similarly, the dual space (C v ) v is £' 00 -C v -module. Note that C C (C v ) v 
has an induced £' 00 -C v -module structure. If C is an i?i-coalgebra, then C v is an 
i?i-algebra has well. 

We recall the following standard definition of the cap-product 
Definition 6.14. Let C be an i?i-coalgebra. The cap-product is the composition 

n : c v ® c ^ c v ® c® c { -'^f id c 

where A : C — > C ® C is the coproduct (given by the £i-structure of C) and 
(— , — ) : C v C — > k is the duality pairing. The cap-product of x G C v , y e C will 
be denoted x D y as usual. 
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The cap-product map n : C v (8 C — > C allows to associate to any cycle c in C, a 
map of left C v -modules He : C v -)C, i^iflc, called the cap-product by c. Note 
that this construction only uses the underlying E'l-coalgebra structure of C (even 
if C is an i^-algebra). 

Corollary 6.15. Let C be an Eoo-coalgebra. The cap product by c, C v — % C , lifts 
uniquely to a map of Erx, -modules p c : C v — > C which is an equivalence if He is a 
quasi-isomorphism. 

Proof. The cap-product by c, denoted He : C v — > C, is a map of left modules 
over C v (seen as an i?i-algebra) because A : C — > C <Ei C is an E'l-coalgebra 
structure. It follows from Theorem |6.6| that the unique lift exists. If He is a quasi- 
isomorphism, then it is an invertible element in Homc^ (C v , C) and thus its lift is 



invertible in HomcH s ^(c v ){C v , C) (see Remark 6.12 for an explicit description of 
the equivalence). □ 

We now specialize to the case where C is the singular cochain of a space. Let us 
recall the following definition. 

Definition 6.16. By a Poincare duality space, we mean a topological space X 
together with a choice of cycle [X] g C<j(X) (for some integer d) such that that 

cap-product C*{X) '-^5 G'd-*(X) by [X] is a quasi-isomorphism. The integer d is 
called the dimension of X and denoted d = dim(X). 



Example 6.17. An oriented/^ closed manifold M of dimension dim(M) (in the 
usual manifold sense of dimension) is a Poincare duality space of dimension dim(M). 

Remark 6.18. By definition, the cap product by a class [X] is given by / n- 
£/(pf] (1) ) [X]W (where we denote A([X}) := £M (1) ® [X]^ the coprocluct). 
It follows that the image \x (H*(X)^j is a finitely generated sub fc-module of H*(X). 
Thus, if X is a Poincare duality space, its (co)homology groups are finitely generated 
(as k- modules). 

Let X be a Poincare duality space (for instance, an oriented closed manifold) 
with fundamental class [X] . Recall that C* (X) is the singular cochains of X with its 
natural structure of -Eoo-coalgebra (Example |2.5| ). Its linear dual C*(X) is endowed 
with the dual E^o-algebra structure. Then, by Corollary |6.15| we have 

Corollary 6.19. Let (X, [X]) be a Poincare duality space. The cap-product by [X] 
induces a quasi-isomorphism of E^-C* (X) -modules 

(25) xx : C* (X) ^ C« (X) [dim(X)] 

realizing the (unique) E^-lift of the Poincare duality isomorphism. 



In other words, a Poincare duality space X (in the sense of Definition 6.16) 
gives rise to a canonical equivalence of i^oo-modules between its singular chains 
and cochains. 

Definition 6.20. Let (X, [X]), (Y, [Y]) be Poincare duality space (of same dimen- 
sion d = dim(X) = dim(Y")). A map of Poincare duality space / : (X, [X]) — > 

12 with respect to the homology with coefficient in the ground ring k 
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(Y, [Y]) is a map of topological spaces / : X — > Y such that the following diagram 
is commutative 

C*(X)^lc*(X)[d] 

r 



C*(Y)^lc*(Y)[d\ 



in C* (Y) - Mod 1 



Example 6.21. Let / : M N be a continuous map between oriented smooth 
manifolds such that /*([M]) = [N]. Then / induces a map of Poincare duality 
spaces. 

7. i?„-HOCHSCHILD COHOMOLOGY AND CENTRALIZERS 

Given any map / : A — > B of K^-algebras, by Theorem |5.11| there is a natural 
-EVi-algebra structure on CH sn (A, B). On the other hand, for a map / : A — > B of 



-E„-algebras, Lurie |L-HA[ lLu3] constructs an £J„-algebra We prove in § 7.3 

that CH S (A,B) is equivalent to i{f) as an ^-algebra. This will be a corollary 
of a more general construction for E'n-Hochschild cohomology. Indeed, Hochschild 
cochains modeled on spheres CHS n (A, B) is a special case of £" n -Hochschild coho- 
mology HHs n (A,B) of A, B viewed as £ n -algebras, see § |7.1| In Section 7.2 



the general case of a map / : A — » B between _E„-algebras, we will give an explicit 



-E„-algebra structure on HH£ n (A, B) , similar to the one obtained in Section 5.2 



We then prove that HH£ n (A, B) is equivalent to We will apply these results 



to the case A = B, i.e., to get solutions of (higher) Deligne conjecture in § 7.4 



7.1. £"„-Hochschild cohomology and Hochschild cohomology over S n . There 
is an (operadic) notion of cohomology for £J„-algebras closely related to their de- 
formation complexes, see [Fit IKSj . We start with the following definition. 



Definition 7.1. Let M be an E n -A-modu\e over an E^-algebra A. The E n - 
Hochschild complex of A with values M, denoted by HHs n (A, M), is by defi- 
nition (see }F1| ) RHom £ £ (A, M). Here RHom^f denotes the horn space in the 
(oo-)category A-Mod En of £"„-yl-modules. 

In particular, if A is an i? m -algebra with m £ {n, n + 1 . . . , oo} (for instance a 
CDGA), we can define the E^-Hochschild complex of A HH£ n (A, A). 

In the case where A is an i^oo-algebra, its EVt-Hochschild complex can be de- 
scribed by higher Hochschild cochains over the n-dimensional sphere S n : 

Proposition 7.2. // A is an E^-algebra and M an E^-A-module, there is a 
natural equivalence 

HH £ri (A, M) = CH sn (A, M), 
where CH S denotes the derived higher Hochschild cochain functor. 

Proof. Given left modules M, N over an -E^-algebra R, we write RHorn^ 1 (M, N) 
for th e ho rn space in the (oo,l) -category R-LMod of left i?-modules. By Propo- 
there is an equivalence of oo-categories A-Mod En = (J Sn -i A)-LMod 



sition 



6.1 



where J s „-i A is the factorization homology of S' n_1 with value in A. 
endowed with the n-framing induced by the natural embedding S 11 
we have a sequence of natural equivalences 
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HH £n {A, M) RHom A n (A, M) 



A 

RHomf 1 , (A, M) 
RHom l j ft , ( / .4..!/ 

left 



= RBom e J t 



RHom l ^ sn _ i{A) (CH D n(A),M) 

(CH D n(A) 8fc Hgn _ llA) A,M) 

S RHom l 2 ft (CH S n (A) , M) 
= CH sn (A,M). 

Here we are using the natural equivalence of E n -A-inodules J Dn A ^ A (Lemma 



6.51 



Note that, by Theorem |3.11[ when A is further an Boo-algebra, w e get a natural 



3.26 



a natural 



equivalence of i?i-algebras J Sn _ 1 (A) = CHg n -i(A) and by Theorem , 
equivalence of i^-algebras CHs^(A) = CHd"{A) ^ch n -i(A) ^ ■ '-' 

Remark 7.3. Let A, B be B„-algebras and / : A — > B an B n -algebra map so 
that B inherits an A-B„-module structure. By Definition |7.1[ Proposition |6. 1| and 
Lemma |6.5| we have natural equivalences 



HH £n (A, B) RHom^^B) RHom l ^_ iA (J A, J b). 

7.2. The B„-algebra structure on £„-Hochschild cohomology HH £n (A,B). 
In this section, we construct an explicit B„-algebra structure on the E „-Hochschild 
cohomology HHs n (A, B) of an E^-algebra A with value in an B n -algebra B en- 
dowed with an A-B„-module structure given by a map A — > B of B„-algebras. 

We fix a map / : A — > B of B n -algebras and we endow B with the induced 
A-B„-module structure so that we have E^-Hochschild cohomolog}p^ HH £n (A, B). 



Recall from Section 2.4 (and [Lu3llL-HA] ) that giving an EVj-algebra structure 
to HH £ (A,B) = RHom A n (A, B) is equivalent to giving a structure of locally 

constant factorization algebra on B« whose global section^ are RHo^^b). 

That is, we need to associate to any disk U C D n a chain complex HHg n (^A, B^j (U) 

naturally quasi-isomorphic to RHom A n {^A, B^j equipped with natural chain maps 
from 

(26) p Ul ,...,u e ,vHH £n (a, b) (Ui) <8 • • • ® BB £ „ (a, b) ([/,) -> BB £ „ (A, b) (V) 

for any pairwise disjoint (embedded) sub-disks Ui in a bigger disk V. 

Let „4, $ be the underlying locally constant factorization algebras on D n associ- 



ated to A and B given by Proposition 2.15 and still denote / : A — > B the induced 



map of factorization algebras. In other words, we assume A, B and / are given by 
locally constant factorization algebras as in Section |2.4| Similarly, given any map 



of A-B rl -modules g : A —> B, we have (by Proposition 2.20), the associated map 



^which depends on the map / : A — > B even though it is not explicitly written in the notation 
^i.e., its factorization homology over the whole disk D n 
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Figure 1. The factorization algebra map A\v — > B\v obtained by 
applying the relevant maps of modules 51 , 52 , 33 (viewed as maps 
of factorizations algebras) and the E^-algebra map / : A B on 
the respective regions 



g : A — >• B of (stratified) factorization algebras, as well as, by Proposition 6.1s a 
map of (left) J S n-i ^-modules g : f D „ A J D „ B. 

Remark 7.4 (Sketch of the construction). We first sketch the idea of the con- 
struction. For any sub-disk Ui, we can think of HH£ n (A, B) = RHom A ™ (A, B) as 
the space of stratified factorization algebras maps on the disk Ui (with a distin- 



guished point *i, see Proposition 2.20). Hence, given g\,...,gi € HHs n (A,B), we 
define the structure map (26 1 pu ± ,, ,,,Ue, v(g%i ■■•■>gt) to be the factorization algebra 
map which, to any sub-disk D inside a given U associates gi(D) and, to any disk 
D inside (a small neighborhood of) the complement of the U's associates f(D). 
The family of those disks is a basis of all disks inside V, so that such a rule does 
define a factorization algebra map, which underlies a map of A-E-modvles (see 



Remark 2.21 ). This is roughly described in Figure [T] 



We now define the locally constant factorization algebra on R™. For any open 
subset U, the restrictions A\u, B\u are locally constant factorization algebra^] 
on U, and f\ v : Am — > Sir/ a factorization algebra morphism. Thus, if U is a 
dislf^l A(U) (= Jjj A) is an £„-algebra and f\ V = J v f makes B(U) = J v B an 



A(U)-E n -modu\<\ 

Thus to any open disk U, we can associate the following object of fc-Mod c 



(27) RHom A n (a, B^j (U) := RHom £ ^ {u) (J A, J . 

Note that RHom £n \A, B^j ([/) is pointed since our starting map of £" n -algebras 
/ : A — > B induces a canonical element fyfE RHom A n ( A, B j ({/). For pairwise 



1 J quasi-isomorphic to A and B by definition 
1( ^that is an open set homeomorphic to a disk 
in this section we will write A for A{U) viewed as an _E n -module over itself and reserve 
the notation A(U) when we think of it as an E n -algebra 
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disjoints disks U 1( . . . , U r included in a larger disk D, we define the structure map 
(28) 

RHom £ £ (a, B\ (f/i)®- • -t&RHoniJ (a, (U r ) PUl '-^ r ' D RHom^ (a, B^j (D) 

as follows. We use U\, ■ . . , U n to see the factorization algebra A restricted to D, 
denoted A\d, as obtained by gluing together r + 1 -factorization algebras on D (see 
and |CG| ). Note that the A(U)-E n -modulc structure on J v A allows to see 



2.3 



A\u as a stratified factorization algebra on U with a closed strata given by a point 
*, (or a sub-disk); different choices of points leads to canonically equivalent A\tj- 
modules structures. We can choose a collar Cj in the neighborhood of the boundary 
(in D) of each U% such that Cj = S"" -1 x (0, e) for a homeomorphism induced by a 
homeomorphism Ui = I?™; for instance we just choose Cj to be the complement of 
the point *j G [/j (or a suitable sub-disk). This way we get a connected open set 

r 

Ug :=D\(\[(U t -coli)) 

i=l 

(the notation d is meant to suggest that Ug is the boundary of ]J Ui in 13; below 
we will sometimes refer to it using this terminology). By definition, the U^s and 
Uq cover D, hence the factorization algebra Aid is obtained as the gluing of the 
restricted factorizations algebras A\u 1 , ■ • ■ , A\u r and Am a - 

Let be given maps g t : f, D .A — ► f\ D .B of (left) ^(t/^-modules (i — 1 . . . r) 
and also denotes gi : A\r> i — > B\£ >i the induced maps of (stratified) factorization 
algebras. We also denote fg : A\u g — > Bi Ug the restriction of / : A — > B to Ug. 

Lemma 7.5. The family {g\, . . . ,g r , fg) of maps of factorization algebras glues 
together to define a map 

Pu lt ...,u r ,D (gi, ■■■,9t) g RHom(A\ D ,B\ D ) 

which is independent in k-Modrx, of the choices (of collars) involved. Further, on 
global sections, the induced map J D pui,...,u r ,D (ffi, ■ • ■ , 9r) '■ Jd A — > J D B is a map 
of A{D)-E n -modules. 



It follows (from the above Lemma 7.5) that we get a well-defined structure map 



(9i, ■■ •,&•)'-> Pu u ...,u r ,D (gi, ■ ■ -ig r ){D), simply denoted by 
(29) p Ux ,...,u r ,D ■ RHom'x ( A > B ) ( u i) ® ' ' ' ® RHom £ £ (a, b) (U r ) 



RHom^ 



(a,b)(d) 



Proof of Lemma YTJ\ We first check that the maps (gi, . . . , g r , fg) do glue. Note 
that all triples intersections in the family (U±, . . . , U r , Ug) are empty and that the 
only non-empty intersections are those of the form UiDUg = coli = S*™ -1 x (0, e). 
Hence, by definition of the gluing of factorization algebras, we only have to check 
that the maps g^ and fg are equivalent on A\m iri ij g y By assumption, the map g. 
J v A — > J v B is a map of A(Ui)-modules (applying Proposition 



6.1 



and Lemma 



6.5 



this is equivalent to saying that gi : A(Ui) — > B(Ui) is an A(Ui)-E n -module map 



It follows from Proposition 6.1 (and Theorem 2.14) that the map of factorization 
algebras gi : A^o^ — > B^o^ is equivalent to the map induced by the A(Ui)-modulc 
structure of B = B. Since this module structure is given by / : A — > B, it 
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follows that (<?i)i co ;. is equivalent to (/d)| co; - Hence the collection {gi, ■ ■ ■ , g r , fd) 
assembles to give an object in RHom(A\D, Sp). Further, we also just proved, that 
for any choice of collar coZ- in the disk Ui, the value of gi on A C oi\ is given by /. 
It is thus independent of the choice of the collar. 

Choosing a closed sub-disk D containing U\ ]J • • • ]J U r , we get an open sub- 
set D \ D = S n ~ x x (0, e') in the complement of the LVs. To check that the 
induced map pui....,u r ,D (ffi, • • ■ ,9r)(D) : A — » B is a map of ^4(D)-i? n -module, by 
Proposition 6.1 we are left to check that the induced morphism f D A—> J D B is a 



morphism of left fg n -i A-modules. Since J s „_ 1 A is the section A(S n ~ 1 x (0,e')) 
(Theorem 2.14), we are left to prove that the map pu 1 ,...,u r ,D (<7i, • • • , <?r) restricted 
to D\D = S 1 ™ -1 x (0, e') is equivalent to /, which is obvious since D\D C C/g and 
(pu u ...,Ur,D (gi, ■ ■ ^9r))\ Uc = fa by construction. □ 

Remark 7.6. Let us consider the case of the inclusion of the empty set inside a 
disk D. Unwinding the definition of the structure map 

pu tD : k ~ RHom A " (a, (0) — > RHom A " (a, B^j (D) 

we see immediately that P® : d(,1) = Jd f \ m other words 1 is mapped to the base 
point of RHom £ ™ (a, B^j (D) . 

A straightforward computation also shows that 

Pu x ,...,U r ,D ( / /,■■•,/ /)=//• 

K JlIi JU r ' JD 

The cochain complexes U n- RHom A n (^A, B^j ([/) = Hom £ A ^j^ Jjj A, Jjj B^j 
and the structure maps (29 1 above assembles into a locally constant factorization 
algebra over R", yielding an i?„-algebra structure to RHom A " (A, B) . This is the 
content of the following result: 

Theorem 7.7. Let f : A — > B be a map of E n -algebras. 

(1) The structure maps (29) pu u ....u r ,v make U RHom A (A, B) (U) a lo- 
cally constant factorization algebra on M. n whose global section are naturally 
equivalent to RHom £ A (^A, B^j . 

(2) In particular HHs n (A, B) = RHom £ A [A, -B) inherits a natural E n -algebra 
structure (with unit given by f). 

(3) Let g : B — > C be another map of E n - algebras. The (derived) functor of 
composition of E n -modules homomorphisms 

RHom £ A " (A, B) ® RHom £ B " (B, C) RHom £ A n (A, C) 

is a homomorphism of E n -algebra^\ 

(4) Let h : C — > D be an E n -algebra map. The canonical map 

RHorn^ (A, B) <8> RHomfj* (C, D) — > RHom £ J^ c (A®C,B®D) 
is a homomorphism of E n - algebras. 



^the left hand side being endowed with the _E n -algebra structure induced on the tensor 
products of E n -algebras and the A-module structure on C being given by the E„-algebra map 
gof:A->C 
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The naturality (in B) of the £" n -algebra structure of RHom^ (A, B) means that, 
given a morphism cj> : B — >■ B' of _E„-algebras, the induced map 

0* : RHom £ £ (A, B) -> RHom*£ (A, B') (given by g i-> o g) 

is an _E„-algebra morphism. Here the A-module structure of B is of course given 
by the -E„-algebra morphism <j) o f : A — > B' . Similarly, the naturality in A means 
that, given a morphism if) : A' — > A of -En-algebras, the induced map 

ip» : RHomf (A, B) ->■ RHomJ, {A 1 , B) ( given by g H> g o ip) 

is an £" n -algebra morphism. 

Proof of Theorem \ 7. 7| Since the global section J(R n ) of a locally constant factor- 
ization algebra T on E™ is an E^-algebra (Proposition 2.15), the second statement 
is an immediate consequence of the first one. We now prove the first one. 

First we prove the naturality of the structure maps ( 29 1 with respect to the 
inclusion of open disks. That is we need to check that for a family of pairwisc 
disjoints disks U\,...U r inside a disk V and families W( . . . W\. of pairwise disjoints 
disks inside Uj (for j = 1 . . . r) we have 

(30) pui,...,u r ,v {pwl,...,wl v Uy: ■ ■ ■ > Pw[,...,W[ r ,u T S j = Pwl,...,wl i ,...,w[,...,w[ r ,v- 

For k G {1, . . . ,r}, let U kt g = U k \ (]jf=i(W!f - col k )) be the "boundary" of 
the union of the disks W* T] • ■ • JJ W k in U k (as constructed in the definition of 
the map Pw* ....,w k ,u k )- By Lemma |7.5l we may assume that the collars col k C U k 
does not intersect any Wj. By construction, the composition 

Pu 1 ,...u r ,y(pw±,...,wl i ,u 1 (9ii ■ ■ ■ iglj, ■ ■ ■ >Pw[,...,wr r ,u r (gl, ■ ■ ■ ,9i r )) 
is thus given by gluing the maps g k : A\ W k — > B\ W k defined on each small disk 

■* 1 3 ' 3 

Wf, the maps f k ,g = J Uk g f : J Uk g A J Uk g B induced by / on each U k<9 , and 

the map fg — J v f where Ug = V \ (Ui = i(£^ — coli)) (we follow the notation 
introduced to define the map (29)). Note that the union of Ug with the U kj g 
is simply the "boundary" Ug := V \ ( TJ^ k (Wf — col 1 -)). Further the gluing of 
the maps f kj g and fg is simply the map (induced on the stratified factorization 
algebra by) J{j g f '■ Jo g A —> Jjy a B- The gluing of this latter map with the maps 
g^ : A\ W k — > B\ W k is, by definition, the map 

Pwl,...,wl i ,...,W[,...,w[ r y(9ii ■ ■ ■ >9i!> ■ ■ ■ >9i> ■ ■ ■ i9i r ) 
which proves the identity ( 30 ) . 

It remains to check that U M> RHom 8 ^ (^A, B^j (U) is locally constant. Since the 

factorization algebras A and B are locally constant, the natural maps J v A — > f v A 
and J v B — > j v B are equivalences for any embedding U V of a disk U inside a 
bigger disk V. By definition we have 

RHom^ (A, B^j (U) Hom %u) (J A > J B 

RHom £ ^(A,B)(V) £ Homfr^J A,J B 



HIGHER HOCHSCHILD COHOMOLOGY, BRANE TOPOLOGY AND CENTRALIZERS 47 



By definition, for any g e RHom^ (A, B) (U) , the map 

Puy : HomSfa ( ^ A, ^ B ) Hom% v) ( ^ A, ^ b) 

applied to g is induced by a map of factorization algebras pu.y(g) '■ A\v — > B\v 
whose restriction to U is just g. It follows that the following diagram is commutative 

SyA PUM9) » J y B 
" 

for all g G RHom £ A [A, B)(U). Since the vertical maps are equivalences and inde- 
pendent of g, it follows that puy : Hom^^ ^ f v A, J v B^j — » ffom^j ^ J y A, J y i? 
is an equivalence. Note in particular that, taking V = W\ we have canonical equiv- 
alences 

RHom 8 ^ (A, b) (U) S Hom £ ^ {u) (J A, J 

= Hom^U A, [ B)=RHom £ A -(A,B) 

for any disk [/ in R". 

A map of -E„-algebras g : B C induces a canonical object in RHom £ g (B, C) 
given by g itself. Thus the naturality of the -E„-algebra structure (claimed in 
assertion (2)) is in fact a consequence of the assertion (3) in the Theorem (that 
we will prove below). To finish the proof of claims (1), (2) in the Theorem we 
need to see that the canonical element / e RHom £ ( l (A, B) is a unit. Indeed, let 
Ui, . . . , U r , V be a finite family of pairwise disjoints disks inside a bigger disk D, 
and g t e RHom e £ (A, B)(Ui) {i = l...r). Denote / € RHom £ ^{A,B){V) the 
canonical element induced by /. 

Let Uq := D\ (Ui=i(^ — colij) be the "boundary" of the opens JJ£ =1 Ui and 

D a ~D\((V-col v )U(U r i=i(Ui-cok))) be the "boundary" of V U ( LJ[=i Ui) . 
Then, by definition, the gluing of the factorization algebra map / : A\y — > B\ v and 
fa ■ A\ Dg -> B\ Dg is the map / : A\ Ug B|[/ a . Thus we get 

Pi7i,...,!7 r ,V,r>(Sl, ■■■,9r,f) = PUi,...,U r ,D{gi,- ■ ■ , 9r) 

and it follows that / is a unit for the i?„-algebra structure of RHom £ ( l (A, B). 

We now prove statement (3). Since the i?-module structure of C is given by the 
-E^-algebra map g : B — > C, the (derived) composition of maps RHom £ A (A, _B) ® 

RHom £ g (B,C) H orrik-Mod^ (A, C) naturally lands in RH om £ A (A, C) , where 
C is endowed with the A-module structure induced by the S„-algebra morphism 
g o f : A — > C. Since the tensor product of _E„-algebras is induced by the tensor 
products of (locally constant) factorization algebras, it remains to prove that, for 
any family U\,...,U r of pairwise disjoint open disks included inside a bigger disk 
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D, the following diagram 
(31) 



(g) (RHom £ A " (A, B) (U t ) <E> RHom £ B n (B, C) (Ui)) ^-^ RHom £ A " (A, C) ([/*) 



J Ui ,...,U r ,D 



RHom £ A n (A, B) (D) ® RHorrfg (B, C) (D) 



i=l 



PU 1 ,...,U,,,D 



RHom £ A "(A,C){D) 



is commutative in fc-Modoo. Let be given fa £ RHom £ A "(A,B)(U t ) and G 
_R77om£"(i?,C)(/7i). we keep denoting ^ : .Ai^ — > Bi^ and : Bii^ — > C\ Vi the 
induced maps of factorization algebras. Let Ug = D\ (U[ =1 (^/ J : — coZj)) denotes 
the boundary of U- =1 Ui (as denoted above in the definition of Pu u ...,u r ,p). Then, 



the composition of the upper map and right vertical map in diagram (31) applied 
to the tensor product 0^ =1 (fa <8> ipi) is the map of factorization algebras obtained 
by gluing the maps of factorization algebras ipi o fa : A\u t — > C\u i (on Ui) and 
go f : A\u g — > Cijj g (on Uig). On the open set Ui, the map 



ipi o fa : A\ Ui 



C 



is the composition A 



B 



\Ui 



Cm. . Then the commutativity of diagram ( 31 ) 



follows since the composition of the left map and lower map in diagram ( 31 1 (applied 
to the tensor product (3)1= i Wi ® V'i)) i s the composition of the map given by the 
gluing of the maps ipi '■ B\u i ~^ C\Ui (i = 1 • • • r) with gg : B 



>|t/ 8 



C\u g on one hand 



with, on the other hand, the map of factorization algebras obtained by gluing the 



maps fa : A 



\Ui 



B\u< (* = 1 



with fg : A 



\U a 



B 



Wa- 



lt remains to prove statement (4) in Theorem 7.7 which is almost trivial: let 
h : C — > D be an _E„-algebra map and denote C, D the associated factorization 
algebras on R". By [L-HA1 Theorem 5.3.3.1], 



/ A, 


/ A® 


I A 


luuv 


Ju 


Jv 



for any -E„-algebra A and disjoint open sets U, V. Thus, the factorization algebra 
associated (in Proposition |6.1| ) to A®C is given by U i— > A(U)®C{U). It follows that 
for any pairwise disjoints open disks U±, . . . , U r included in a bigger disk V C D n , 
and maps gi £ RHom £ A (A 1 B)(U. t ), g[ £ RHomff^', D)(Ui) (i — l...r), the map 



pu u ...,u r ,v{{9i®- ■ -®Sr)®(5i®- • -®Sr)) e ^RHom £ A n (A,B)(g>RHom £ j(C,D)j(V) 

= RHom £ A (A, B){V) ® RHomff (C, D)(V) 

is the map obtained by gluing the maps gi®g'i ■ A\u i ®C\u i — > B\ Ui ®T>\ Ui (i = 1 . . . r) 
and the map fg®hg : A\jj d <g> Ci Ug — > Bi Ug ® 2?|[/ 8 (here we use freely the notations 



introduced to define the structure maps pu 1 ,...,u T .v right before Lemma 7.5 ). Hence, 
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this map agrees with the map obtained by evaluating the composition 

r r 

^RHom e ^{A,B){Ui)) ® ( (g) RHom e c " (C, D) 



I RHom 



A<»C 



{A(g>C,B®D){U t ) 



pu^r.V RHom Sn^ A ®C,B® D){V) 

®g' r ) ■ This proves that the canonical 



RHom% )C (A< 



C,B®D)(V) 



at the tensor product (51 ® ■ ■ •®g r ') <8> (g[ ® • ■ 
maps 

RHom £ / (A, B) {V) ® RHom £ J (C, D) (V) 
assembles into a map of factorization algebras and, consequently, 

RHom'x (A, B) ® RHomff (C, £)) — ► RHom% c (A®C,B®D) 
is a homomorphism of _E„-algebras. 



□ 



Remark 7.8. The E^-algebra structure given by Theorem 7.7 is in fact the solution 
of a universal property as will be given by Proposition 7.19 below which identifies 
HH£ n (A, B) with the centralizer of the map / : A — > B. 

Example 7.9. Assume n = 1, then 

HH £l (A, B) S RHom^ (A, B) ^ RHom fs0 A (A, B) = RHom A ®A°p (A, B) 

is the standard Hochschild cohomology of the algebra A with value in the algebra 



B. It is straightforward that the E'l-structure given by Theorem 7.7 is induced on 
the standard Hochschild complex by the usual cup-product |Ge) . 



Example 7.10. Assume A — k the ground ring and let / : k — > B be the unit 
map. We have a canonical equivalence RHom £ k n (k,B) = B in fc-Modoo. This 
equivalence is in fact an equivalence of En-algebra^ 19 ] Since / : k — > B is the unit 



map, it is immediate from the definition of the structure maps (29) to check that 



the locally constant factorization algebra structure of RHomf™ (k, B) is the one of 



B, the locally constant factorization algebra on R" associated to B (in § 2.4) 



Remark 7.11. Avoiding choices in Theorem |7.7| : There is a way to choose 
"collars" in the construction of Theorem |7.7| by using a slight variation of the notion 
of (locally constant) factorization algebras, i.e., (locally constant) A(Disk(Af))- 
algebras. Following Lurie |L-HAl Remark 5.2.4.8], we let A(Disk(M)') be the 00- 
operad associated to the colored operad Disk(M)' whose objects are open embed- 
dings R™ M and whose morphisms Disk(M)'(</>, ip) are commutative diagrams 




where / is an open embedding. Note that the obvious functor cf> H> (f>(M. n ) is an 
equivalence of categories. Hence, we can define a locally constant factorization 
algebra J 7 as a rule which associates to each embedding tj> : R™ — > M a chain 



where the left hand side is endowed with the _E„-algebra structure given by Theorem 7.7 



50 



G. GINOT, T. TRADLER, AND M. ZEINALIAN 



complex J-"(</>) with natural maps ^((fii) <8> ■ ■ ■ <E> F{4> r ) — > J 7 ^) associated to any 
open embedding h : TJ[ =1 R n -> R n such that ip o h = TJLi 4>i '■ 111=1 Rn ~> M 
(satisfying the obvious associativity and symmetry conditions). Further, for any 
h : (f> i-» ip (i.e. ip o h — <p), the structure map F(<f) — > F(tp) is required to be a 
quasi-isomorphism. 

Let / : A — >• B be an i?„-algebra map. Then we can associate to any open 
embedding <p : R n — > R™ a chain complex 

(32) HH Sn {A,B){cj>) := RHom^^^A, B)(U) £* RH om 1 ^ A ( J A, b) 

where dU := </>(R n \ D(0,1)) is the image by <p °f the complement of a closed 
(bounded) euclidean disk centered at 0. Any different choice of radius yields canon- 
ically equivalent chain complexes. Then to any open embedding h : II!=i R™ — > R™ 
such that o h — ]J[ =1 <fo : LIi=i ^™ — * -^i one associates a map 

ffff £ „(A, ® •• • ® i?i? £ „(A, B)(£.) — ► ffff £ „(A 

in the same way as we did in Lemma |7.5| using the canonical collars given by 
the complement of a disk centered at inside each disk M. n . Then, using this 
slight alternative definition of factorization algebras, one proves (in a similar way) 



the obvious analogue of Theorem 7.7 This approach allows to avoid unessential 
choices in the construction of the structure maps of the factorization algebra on 
D n . Further, it can also similarly be applied in the proof of Proposition |7.12| 

If / : A — >• B is a map of -Eoo-algebras, then Theorem |7.7| and Proposition 1 7 . 2 1 give 
an E'n-algebra structure to CH S " (A, B). The latter has also an £" n -algebra struc- 



ture given by Theorem 5.11 The following result shows that these two structures 
are the same. 

Proposition 7.12. Let f : A — > B be a map of E^-algebra and let B be en- 
dowed with the induced A-E^-module structure. The n the natural equivalence 



HHg n (A,B) = CH S (A,B) given by Proposition 7.2 is an equivalence of E n - 
algebrapl 



Proof. The proof of Proposition 7.2 shows that we have equivalences 
(33) 

HH £n (A, B) £ RHom 1 ^ A ( J A, B^j = RHom 1 ^^ {A) (CH Dn (A),B) 

= Hom £ J„ {A) (CH Dn (A).B) 



By Theorem 3.11 we have natural (in spaces and -Eoo-algebras) equivalences A = 



CHjj(A) and, by the value on a point axiom in Definition 3.23 a canonical equiv- 
alence CHu(B) = B. We can thus define a rule U H> Hom^ n Hu ^ (CHjj (A) , B) 
and structure maps (for U±, . . . , U r pairwise disjoints disk included in a disk D) 

(34) PUi,...,u r ,D : Hom^^CHu^A), B) ® •• • ® Hom% vM) (CH Ur (A), B) 

-^Hom £ c - HD(A) (CH D {A),B) 



2 ^where the left hand-side is the_En-algebra given by Theorem 7.7 and the right hand side is 



the _E n -algebra given by Theorem 5.11 
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defined e xact ly as the structure maps ( 29 I for RHom A (A, B)(U). Then the proof of 
Theorem 7.7 applies mutatis mutandis to prove that U i— > Hom^fe^,^ (CHu{A), £?) 
is a locally constant factorization algebra on D n and further, that the equivalences 



Horn 



Zi) = Hom £ J Hu(A) 



(CH V (A),B) 



(induced by Theorem 3.11 1 are an equivalence of factorization algebras. 

Now, for any collar dll = S"™ -1 x (0, e) inside a disk U, we have natural equiva- 
lences 



Homc n Hu , A) (CHu(A),B) ~ RHom 



left 



ch ou{ a)(CHu(A),B) 
= RHom A (a, RHom l ^ gu (A) (CH V {A) , B) 

= RHom a (cHu (A) ® A, B 

V CH au (A) 

S RHom A (CH U/9U (A), B) CH u ^ du {A, B) 

where the last equivalences are by the excision axiom (Definition |3.23| and definition 
of Hochschild cochains. Recall from the proof of Proposition 7.2 that, for U = 



D n , the above equivalences and the equivalences (33) are precisely the natural 
equivalence HHe „ (A,B ) = CH S " (A, B) of Proposition 
prove Proposition 



7.12 



7.2 



Hence, we are left to 



replacing HHg n (A, B) with CH b (A, B) endowed with the 
-E„-algebra structure given by the locally constant factorization algebra structure. 

By functoriality of Hochschild chains, we have natural maps of -Eoo-algebras 



(35) 



(g) B S (g) CH Uz (B) Si CH UU Ut (B] 



CH V {B 



B 



i=l 



Further, we have pinching maps D 



PUi,...,V r ,D 



Vi=i (Ui/dUi) obtained by col- 



lapsing D \ ( Uj =1 Ui \ dUi) to a point. By functoriality of Hochschild cochains, the 
pinching maps yield a map 



(36) 



\CH Ui (A) = CH U r =iUi (A) 



OUi V r ,D)m 



CH, 



Using the last two maps, we get the composition 



(37) 



I RHom 



left 

CH dUi (A) 



(CH Vi (A),B) — > RHom^ 



AtQQCHu^A)^ 

i=l i=l 



RHom^r^ A ( (g) Ci? [/« (A) , B) = RHom A (CH yu ( Ut/BUi )( A )> B ) 

1—1 

— > RHom a (CH V (A) , B) 



where the last maps are respectively induced by the map (35), Lemma 5.2 and the 



map (36). Using the homotopy invariance of Hochschild cochains and unfolding 
the definition of pux,...,v r ,Di we nn d that the structure map (|34| is transfered to 



the above map (37) under the natural equivalences RHom l ^ gu ^ A ^CHu(A), £?) = 
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CH u / au (A,B) (where U is any disk in D n ). Note that when the Ui are cubes in 
C n (r) and D is D n , the composition of the map (371 with the equivalence 



r 

(0 



Off 5 " (A, B) 



I 0771 



ie/i 

C/f s „-i(A,B. 



(Cff D »(A),B) 



i RHom 



i=l 



left 

CH 0Ui {A) 



{CH Ut (A),B) 



is the pinching map \2Q\ pinch* d (c) : ( CH S (A, B) 



C# s (where 



c is the cube associated to the U^s). Now, thanks to Theorem 5.11 and the defi- 
nition of the factorization algebra structure on [/h> Hom^J l Hu , A -, (C H\j (A), B), we 
can apply Lemma 1 7 . 1 3| below w hich im plies that the two E^-algebra structure on 
CH S " (A, B) (given by Theorem 



structures maps ( 37 ) ) are equivalent 



5.11 



and the one introduced in this proof by the 

□ 



Lemma 7.13. Let A € k-Mod^ and assume that 

(1) A has an C n -algebra structure, i.e., an E n -algebra structure given by an 
action of the chains little n- dimensional cube operad. 

(2) There is a locally constant factorization algebra A on K n (identified with the 
open unit cube) together with an equivalence tp : A(R n ) ^ A (in k-Modoo); 
which thus induces another E n -algebra structure on A. 

Assume further that the two structures given by (1) and (2) are compatible in the 
following sense: for any configuration of cubes c € C n {r), the following diagram 



(38) 



i=l V°Pc i ,K™ 

A(Ci) ® • • • ® A(c r ) 



Pc 1 ,...,o r ,K" 



— >- A 
■ A(R n ) 



(where we denote ci, . . . , c r the configuration of cubes defined by c = (ci, . . . , c r ), 
p c is the structure map given by the operadic structure and pu lt ...,u r v ^ e structure 
maps of the factorization algebra structure), is commutative in k-Modrx,. 

Then the two E n -algebras structures on A defined by (1) and (2) are equivalent 
(in E n -Alg). 

Proof. The £" n -algebra structure defined by (1), that is by the action of the lit- 
tle n-dimensional cube operad on A yields a locally factorization algebra A' on K™ 
which is equivalent to the S„-structure given by (1) and satisfies A'(U) = J v A (see 



Proposition 2.15 and Theorem 2.14). Thus we only have to prove that A' is equiv- 



alent to A as a factorization algebra and thus to analyze further the construction 
of A'. 

The C„-action on A gives a structure of Ejf„ -algebra to A, where Ejj|„ is the 
oo-operad introduced by Lurie in |L-HA|, Section 5.2], that is, the operad whose 
algebras are precisely those given by Definition |2.3| The canonical map of operad 
C n — > E^„ is an equivalence by the results of Lurie [L-HA1 Example 5.2.4.3]; further 
we can replace C n by the operad of little rectangles. Hence we get an E®„-algebra 
structure on A. 
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By |L-HA( Theorem 5.2.4.9] (also see §[2ii|, the oo-operad map N(Disk(R n )) 



EJ|„ now yields the locally constant factorization algebra structure on R™ (denoted 
A' above). By construction, we have natural (with respect to the factorization 
algebra structure) equivalences A'(ci) ^ A for any open cube c C R". 

Since the family of open cubes inside E™ forms a factorization basis of R™, 
it is enough to check that the factorization algebra structures on A' and A are 
equivalent on these basis of open cubes, which form a factorizing cover (see |CG] 
for the definition of factorization algebra on a basis of open subsets and the fact 
that a factorization algebra is determined by its value on a basis) . This is precisely 



the compatibility condition (38) of the Lemma and the result follows. □ 



Remark 7.14. It is possi ble, though more technically involved, to use directly, 
in the spirit of Section 5.2 the little cube operad C n to make RHom £n (^A, B^j an 
-E^-algebra. We now sketch how to do this, leaving to the interested reader the 
task to fill in the many details. 

We let again A, B be the factorization algebras corresponding to A, B. Recall 
that we have factorizations algebras A® k , B® k on IL =1 D n and similarly for B. Let 
c e C n (r) be a framed embedding YTi=i D n D n . Then the little cube c induces 
a natural (in A and c) equivalence A\ c -i(£>n) = A® r . We can define a map 

comprif, c) : RHom £n (y4, B^j ^ — > RHom £n (a, B^j 



similarly to the definition of the structure maps ( |29[ ). Indeed, we first use c to see 
the factorization algebras A and B on D n as obtained by gluing together r + 1- 
factorization algebras on D n . The image c(]JJ =1 D n ) has r-open connected compo- 
nents, denoted D±, . . . , D r . Choosing small collars col\, . . . col r in the neighborhood 
of each D n C ]} r i=1 D " yield a connected open set Ug := D n \ c( Ui=i( D " ~ col i)) ■ 
Since c is an embedding, it induces an identification A = A\Ui for each i = 1 . . . r. 
Thus from any family of maps gi, . . . , g r € RHom £n (A, B) , we get induced maps 
of factorization algebras gi : A\D t ~ > B\Df Further, we also have, by restriction of 
/ to the open set U c , an induced map f c : A\u c — > B\u a . 
The argument of the proof of Lemma |7.5| apply to show 



Lemma 7.15. The family (gi, . . . ,g r , f c ) of maps of factorization algebras glues 
together to define a map of factorization algebras 

comp r (f,c) (gi,...,g r ) € Hom(A,B) 

Further, on global sections, the induced map comp r (f, c) (<?i, . . . ,g r ){D n ^j : A — > B 
is a map of A-E n -module. 



It follows (from the above Lemma 7.5 ) that we have a well-defined map (jg-y, . . . , g r ) H > 



comprif, c)(g 1 ,. . . , g r )(D n ), simply denoted by 

(39) compr (/, c) : RHom £n (a, B^j ^ — > RHom £n (^A, B^j . 

Recall that the set of ^4-_E„-modules homomorphisms is simplicially enriched. Sim- 
ilarly, there are simplicial sets of maps of factorization algebras, see |CGj . Equiva- 
lently, we have topological spaces of such maps. Using the fact that the factorization 
algebras A and B are locally constant, one can prove the following 
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Lemma 7.16. The map comp r (/,c) : RHom £ '^A,B^j ' — > RHom £n (a, B^j 
depends continuously on c. 



The above Lemma 7.16 allows to consider the maps comp r (f,c) in families over 
the operad of little cubes and thus one can let c runs through the operad C„ (r) so 
that we get the first part of the following result. 

Proposition 7.17. Let f : A — » B be a map of E n - algebras. 
(1) The maps comp r (f,c) assembles to give a map 

compr{f) : C* (C„(r)) ® RHom £n (a, ^ — ► RHom £n (a, b) 



in 



k-Mod n 



(2) The maps comp r (f) gives to RHom £n (^A,B^j a natural E n -algebra struc- 
ture. 

The proof of the second assertion of this Proposition is essentially the same as 
the ones of Theorem 17.71 and Theorem 15.111 

7.3. E'n-Hochschild cohomology as centralizers. We will now relate the nat- 
ural -EVi-algebra structure of RHom 8 ^ (A, B) (for an ^-algebra map / : A — >• B) 
given in Sect ion |7.2| with the centralizer The following definition is due to 

Lurie |L-HA1 ILu3] (and generalize the notion of center of a category due to Drin- 
feld). 

Definition 7.18. The (derived) centralizer of an .E„-algebra map / : A — >• B 
is the universal E^-algebra 3(/) endowed with a homomorphism of £" n -algebras 
e 3 (/) : A i{f) — > B making the following diagram 

(40) 





B 

commutative in E^-Alg. 

The existence of the derived centralizer $(f) of an E^-algebra map / : A — > B is a 
non-trivial Theorem of Lurie [L-HA[|Lu3j . The universal property of the centralizer 
implies that there are natural maps of -En-algebras 

(41) 3(°):j(/)® 3(0)— >3(ff°/) 

see [I7HAllLu3] . 

The i?„-algebra structure on the i^-Hochschild cohomology given by Theo- 
rem 



7.7 gives an explicit description of the centralizer j(/) (as an E„-algebra): 



Proposition 7.19. Let f : A — > B be an E n -algebra map and endow HH£ n (A, B) 
with the E n -algebra structure given by Theorem \ 7. 7[ 

Then the £ n -Hochschild cohomology HH£ n (A 1 B) = RH om £ [A, B} is the cen- 
tralizer i(f) , i.e., there is a natural equivalence of E n - algebras HHg n (A,B) = %(f) 



HIGHER HOCHSCHILD COHOMOLOGY, BRANE TOPOLOGY AND CENTRALIZERS 55 



such that, for any E n -algebra map g : B — > C , the following diagram 
RHom £ A n (A, B) ® RHomfj (B, C) — ^ ® 3(5) 



RHomfr (A, C) 



3(0) 



-l(9° f) 



commutes in E n -Alg. 



Remark 7.20. Note that in the proof of Proposition |7.19| we do not assume the 
existence of centralizers, but actually prove that HHs n {A, B) satisfies the universal 
property of centralizers. In particular the proof of Proposition |7.19| implies the 
existence of centralizers of any map / : A — > B of -E„-algebras. 

We first prove a lemma. Denote ev : A g3 RHomJ^ (A, B) — > B the (derived) 
evaluation map (a, /) i— > /(a). 

Lemma 7.21. The evaluation map ev : A®RHom £ £(A,B) ->■ B is an E n -algebra 
morphism. Further, the following diagram 

A <g> RHom'z (A, B) 




is commutative in E n -Alg. 

Proof. There are canonical equivalences of .E ra -algebras RHom £ , n {k,A) = A and 



RHom £ , n {k,B) = B (see Example 7.10). Thus, the fact that ev is a map of E n - 



algebras follows from statement (3) in Theorem 7.7 Further, the same Theorem 
implies that the unit of RHom^ (A, B) is / : A — > B. It follows that evo{id®\) = f 
which proves the Lemma. □ 



Proof of Proposition 7.19 By Lemma 7.21 we already know that HH*^(A, B) = 



RHom^ (A, B) fits into a commutative diagram similar to diagram (42) below. 
We have to prove that for any £" n -algebra 3, endowed with a i?„-algebra map 
<j) : A ® 3 — > B fitting in a commutative diagram 

(42) 




there exists an i?„-algebra map 3 



RHom^ 



which makes A ® 3 — > B factor 



through A ® RHomJ (A, B) ^ B. 

Let 9^ : 3 — > RHom(A, B) be the map associated to <f> : A <8> 3 — > B under the 
(derived) adjunction RHom(A®i,B) = RHom(%, RHom(A, _B)) (in /c-Modoo). 

We now prove that 0$ takes values in RHorn^ (A, B). We use again the fac- 
torization algebra characterization of £?„-algebras. Let A, B and Z be the locally 
constant factorization algebras associated to A, B and 3. For any open sub-disk 
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D D n , we get the induced marpl 

(/>: (A®Z){D)= f A®[ 3 H f B = B{D) 
Jd Jd Jd 

and its (derived) adjoint : Z{D) — ► RHom(A(D), B(D)). We are left to check 
that this last map is compatible with the factorization algebra structures (describing 
the ^4-i? n -module structure of A and B). Let Uq,U\, . . . ,U r be pairwise disjoints 
open disks included in a bigger disk V, where we assume that Uo contains the base 
point of D n . Also we use the same notation 

Pu ,...,u r ,v ■ H u o) ® • • • <8> HUt) — > HV) 

for the associated structure maps of any one of the factorization algebras J 7 = A, 
B or Z on D n . Since <p ■ A® 3 — > B is a map of -E„-algebras, for any aj G -4(C/i) 
(i = 1 . . .r), x € -4([/q) and z e 3(£/q), we have 



1 



3 ' - 



4>(pu ,...,u T ,v{x,ai, ■ ■ ■ ,a r )®Pu ,v(zfj =<t>\Pu ,...,u r ,v{x® z,a 

= Pu ,...,u r ,v(<P(x^) z),4>(a! ® lj), . . . 

= P£/o,-,c/r,v(<? !, (^® z),f{ax), . . .,/(a r )) 



1-, 



where the last identity follows from the commutativity of diagram ([42]). Note that 
the map z p[/ 0i y(2:) is an equivalence (since 2 is locally constant). Since the A- 
-E^-module structure on B is given by /, the above string of equalities ensures that 
#0 is a map from 3 to RHom^ (A, B). In particular, the map : 3 — > RHom(A, B) 
factors as 



3 -% RHom £ / (A, B) = RHom l j ft ^ A ( J A, J B^j ^ RHom(A, B) 



To finish the proof of Proposition 



7.19 



RHom £ A n (A, B) 



we need to check that 6 a, '. 3 T iUJ VIII, a 

is a map of ^-algebras. Recall that there are equivalences 3 = RHomt n (k^), 
3 = k = 3 of £Vi-algebras (see Example 7.10|. By definition of the (derived) adjunc- 
tion, 



3 — » RHom£ (A, B) factors as the composition 



(43) 



RHom £ ^ (A, A)<8)} = RHom% {A, A) ® RHonf k n (k, 3) 



Sni 



RHonfr {A, A®i)^ RHom t T {A, B) 



By Theorem 7.7 (2) and (4), the last two maps are an i? ra -algebra Homomorphisms. 
Thus the composition ( [43] ) is a composition of -EVi-algebras maps hence 6$ : 3 — > 
RHom^ (A, B) itself is a map of i?„-algebras. 
Further, by definition of 0$, the identity 

ev o (id^ <g) 00 ) = 



21 



we make, for simplicity, an abuse of notation by still denoting <j> the induced map and 
similarly with 9a, below 
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holds. Hence we eventually get a commutative diagram 




A <g> RHomFjf (A, B) 



in E n -k\g. 

It remains to prove the uniqueness of the map 3 — > RHom 8 ^ (A, B) inducing 
such a commutative diagram. Thus assume that a : 3 —¥ RHomr(A, B) is a map 
of E^-algebras such that the following diagram 



(44) 




A <£> RHomfy (A, B) 



is commutative in _E„-Alg. Note that the composition 
(45) RHom £ / (A, B) = RHomf" (k, RHom £ / (A, B) 



HHom^(A,A) 



RHom £ j£ (A, A) ® (k, RHom^ (A, B) 



RHom £ / [A, A® RHomfr (A, B) 



^ RHom^ (A, B) 



is the identy map. From the commutativity of Diagram (44 1, we get the following 

commutative diagram 

(46) 

3 = RHom £ k n (k, 3) — s» RHom £ / {A, B) = RHom £ k " (k, RHom £ / (A, B)) 



RHorn^ (A, A ® 3) 



RHomJ (A, A <g> RHom £ £ (A, B)) 



RHom £ £ (A, B) 



in £" n -Alg. The composition of the right vertical maps in Diagram ( 46 1 is the com- 



position (45), hence is the identity, and the upper map is a : 3 — > RHom^ (A, B). 



It follows that the map a is equivalent to the map (43) hence to 6 a,. This gives the 



uniqueness statement and the Proposition will follow once we proved the diagram 
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depicted in Proposition |7.19| is commutative. The latter is an immediate conse- 
quence of the universal property of the centralizers (and thus of HH^(A, B)) and 



of Theorem 7.7 (3). □ 



Example 7.22. Assume B = k so that / : A — s- k is an augmentation. Then by 



Proposition |7.19| and |L-HA[ Example 6.1.4.14] and |Lu-MPl Remark 7.13] there is 
an equivalence of i?„-algebras 

HH £n (A,k) = RHom(Bar (n) (A),k) 

where BaA n \A) is the -E„-coalgebra given by the iterated Bar construction on 
A, that is, the (derived) Koszul dual of A. Thus Theorem |7.7| gives an explicit 
description of the i?„-algebra structure on the dual of BaA n \A). See Section 9] for 
a more detailed description. 

Combining Proposition |7. 19| and Proposition |7.12| we get 

Corollary 7.23. let f : A — > B be a map of E^-algebras. Then the Hochschild 
cochains CH S (A, B) over the n-sphere (endowed with its E n -algebra structure 



given by Theorem 5.1l\ is the centralizer j(/) of f viewed as a map of E n - algebras 
(by restriction). 

Remark 7.24. Assume f : A -> B and g : B — > C are maps of CDGA's. Then by 
the above Corollary |7.23| or Proposition 1 7 . 1 2[ there is a composition 

(47) CH S " (A, B) <g) CH sn (B, C) CH S " {A, C) 

(which is a map of i?„-algebras) induced by the natural equivalence CH S (A, B) = 
RHorn£ff i , A dCHD n {A),B) and (derived) compositions of homomorphisms. In 
the setting of CDGA's, this composition can be represented in an easy way as 
follows. Let J, be the standard simplicial model of the interval ([UJ ICTZj ); its 



boundary dl™ is a simplicial model for S n 1 . Then the map ( 47 ) is represented by 
the usual composition (of left dg-modules) 



Hom c f H 8I n {A ) (CH I: (A),CH I: (C)) 
since CHi™(A) is a (semi-)free CHgi^ (^4)-algebra. 



7.4. Higher Deligne conjecture. In this section we deal with (some of) the 
solutions of higher Deligne conjecture. That is we specialized the results of the 
previous sections [7] and |5.2| to the case A — B and / = id. 

By Theorem |7.7| above, the composition of morphisms of A-E n -modu\es 



(48) RHorrf/ (A, A) <g) RHorrf/ (A, A) RHom£ (A, A) 

is a homomorphism of i?„-algebras (with unit given by the identity map id : A — > 
A). The composition of morphisms is further (homotopy) associative and unital 
(with unit id); thus RHom £ ^ (A, A) is actually an i?i-algebra in the oo-category 
£„-Alg. 

By th e oo-category version of Dunn Theorem |Dul IL-HAi ILu3j or see Theo- 
2.16 there is an equivalence of (oo, l)-categories E\ — Alg(E n — Alg) = E n+ i — 



rem 
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Alg. Thus the multiplication (48 1 lift the -E ra -algebra structure of HH' n (A, A) 



RHom£ (A, A) to an S ra+ i-algebra structure. 

In particular we just proved the first part of the following result, which has 
already been given by Francis |F1] (and Lurie [L-HA1 ILu3j ). 

Theorem 7.25. (Higher Deligne Conjecture) 

(1) Let A be an E n -algebra. There is a natural E n+ \-algebra struct ure on 
HH* (A, A) with underlying E n -algebra structure given by Theorem 



7. 



,22 



(2) Let now A be an E^-algebra. Then there is a natural E n+ i-algebra struc 
ture on CH S (A, A) whose underlying E n -algebra structure is the one given 
by Theorem \5 . 1 1\ In particular, the underlying E\-algebra structure is given 



by the standard cup-product (see Corollary 5.6 and Example 5.7). 
(3) For A an E^-algebra, the two E n+ \- structures given by statements (1) and 
(2) are equivalent. 

Proof. We have already proved the first claim. Note that the underlying i5„-algebra 
structure of an E^+i-algebra is induc ed by the pushforwar d al ong the canonical 



projection R"xl-> W 1 , see Theorem 2.16 By Proposition 7.2 CH b (A, A) also 



inherits a structure of E^^-algebra whose underlying i?„-algebra is the same as 
the one given by Theorem |5 . 1 1 1 thanks to Proposition [7T2J This proves both claims 
(2) and (3). □ 



Example 7.26. In the case n = 1, Theorem 7.25 recovers the original Deligne con- 
jecture asserting the existence of a natural i?2-algebra structure on the Hochschild 
cochains lifting the associative algebra structure induced by the cup- product. It can 
be proved that this £?2-algebra structure induces the usual Gerstenhaber algebra 
structure (from |Gej ) on the Hochschild cohomology groups. 



Remark 7.27. Francis Fl has given a different solution to the higher Deligne con- 
jecture. His solution is directly and explicitly related to the degree n Lie algebra 
structure on HHg n (A, A). However, the underlying cup-product (i.e. ^-algebra 
structure) is more mysterious. This is the contrary with the solution given by Theo- 
rem ^. 25 This latter solution is, by definition, the same as the one of Lurie |L-HA| . 



It would therefore be very interesting and useful to relate Francis construction with 
ours. Note that the explicit knowledge of the cup-product is useful to us to relate 
this construction to the higher string topology operations, see § [HJ 

8. Integral chain models for higher string topology operations 

We will use the i^oo-Poincare duality and Hochschild chains to give an algebraic 
model for Brane Topology at the chain level, over an arbitrary coefficient ring. 

8.1. Brane operations for n-connected Poincare duality space. Recall that 
the n-dimensional free sphere space is denoted X s — Map(S n , X). It is the 
space of continuous map from S n to X endowed with the compact-open topology. 
Sullivan and Voronov |CVl Section 5] have shown that there is a natural graded 
commutative algebra structure, called the sphere product, on the shifted homology 
-ff»+dim( m) [M S ) of an oriented closed manifold. For n = 1, this structure agrees 
with Chas-Sullivan loop product |CSj . This product was extended to all oriented 
stacks in [BGNX|. For n = 2, the sphere product is a special case of the surface 

22 where we take B = A and f = id 
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product studied in [GTZ . Further, it is claimed that -ff.+dim(M)(-^ S ") is an algebra 
over the homology H^{£^,^) of the framed little disk operad S^+i- Below we 
will forget about the SO(n + l)-action and deal with action of the £„ + i-operad 
at the chain (and not homology) level and without specific assumptions on the 
characteristic of the ground ring k. 

We start by stating one of our main result: 

Theorem 8.1. Let X be a n-connected Poincare duality space whose homology 
groups are projective k-modules. Then the shifted chain complex C #+ dim(x) (X s ) 
has a natura^^E n+ i~algebra structure which induces the sphere product |CV[ Sec- 
tion 5] 

H P (X S ) <g> H q (X s ) -> ff p+ q_dim(x) (X s ) 



in homology when X is an oriented closed manifold. 



Proof. Remark 6.18 and the assumptions on the homology groups of X implies that 
the homology groups of X are projective finitely generated so that the biduality 
homomorphism C*(X) — > (C* (X)) v is a quasi-isomorphism. Since X is a Poincare 
duality space, it then follows from Corollary 6.19|that the Poincare duality map ( 25 ) 



Xx : C*(X) -> C*(X)[dirn(X)] S (C* (X)) V [dim(X)} 
is an equivalence of C*(X)-_B 00 -Modules. Thus it yields an equivalence 

(49) CH sn (C*(X),C*(X)) = Hom c , {x) (CH S „ (C* (X)),C*(X)) 



(Xx)c 



Hom c , (x) (CH sn (C*(X)), (C*(X)) V ) [dim(X)] 



CH k 



(C*(X)),{C*{X)Y) [dim(X)]. 



Since X is n-connected with projective finitely generated homology groups, by 
Corollary |4.7[ there is an equivalence 



(50) CH sn (C*{X)).\C*{X)Y^ = C*(X S "). 

Combining the equivalences ( [49] ) and ( [50] ), we get a natural equivalence 

(51) CH S " (C*(X),C*(X)) S C*(X sn )[dim(X)]. 



By Theorem 



7.25 



(C*(X),C*(X)) has a natural EVi+i -algebra structure, 
whose underlying i?i-algebra structure is given by the cup-product. Hence the 
equivalence (51 1 yields a natural £" n +i-structure on C*(X S )[dim(X)]. Note that 
the naturality with respect to maps / : X — > Y of Poincare duality spaces follows 
from Theorem |8.8| below since a Poincare duality space yields an object of AM 



and a map of Poincare duality space is a map in AAi, see Example 8.6 (2) below. 
From this observation follows the commutativity of the following diagram (in which 



with respect to maps of Poincare duality spaces in the sense of Definition 
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d = dim(X) = dim(r)) 

(CH S " (C*(X),C*(X))') 

(Xx)o-S 

CH sn (C*(X),C4X)) [d 
CH S " (C*(Y) 1 C,(Y))[d] 
(CH S " (C*(Y),C*(Y))\ 



,\2 



X2 



^CH S " (C*(X),C*(X)) 

= (Xx)o- 
V 

CH S " (C*(X),C»(X)) [d] 



ch s " (c*(y),c,(y)) [d] 



(%v)°- 



■ cf 5 " (c*(y),c*(y)) 



where the horizontal arrows are given by the composition ( 48 1 of (derived) homo- 
morphisms (and Proposition 7.2). By Theorem 

E„ 



the vertical maps are maps of 



algebras. Thus the above diagram shows that a map of Poincare duality space 
induces a map of E\ -algebras (with respect to the composition p8| ) in the (sym- 
metric monoidal) category of E^-algebras and thus indu ces a map of -En+i-algebras 
by Dunn Theorem (see |Du( IL-HAI or Theorem 
E n +i - Alg. 

It remains to identify the underlying multiplication in homology with its purely 
topological counterpart. This is done in Section 8.2 see Proposition 8.15 



2.16): E 1 - Alg(E n - Alg) 



□ 



Example 8.2. The assumptions on the projectivity of the homology groups are 
automatic when k is a field. In particular theorem 
for any closed oriented manifold M and k = Q or 



k 



applies to C. +c iim(M) 

(M b ,k) 



F„ a finite field. 



Example 8.3. Assume M is a simply connected closed manifold (with projec- 
tive homology groups). Then Theorem 8.1 yields an _E 2 -structure on the chains 



C*(LM)[dim(M)] of the free loop space LM, thus string topology operations at 
the chain level. According to Example |7.26| and Proposition |8. 15| below, the under- 
lying Gerstenhaber structure is the classical Chas-Sullivan one |CSj . 

Corollary 8.4. Let X,Y be n-connected (n > 1) closed manifolds of same di- 
mension and assume f : M — > N induces an isomorphism in homology such that 



H«{Y 



is an 



f*([X]) = [Y] £ H*(Y,k). Then the induced bijection H*(X S " 
algebra isomorphism (with respect to the sphere product). 

In particular, the sphere product is an homotopy invariant of rt-connected man- 
ifolds (with respect to orientation preserving maps). 

Proof. By assumption, the induced map D/*([X]) : C*(Y) — > C*(Y)[dim(Y)] and 
n[Y]C*(Y) — > C*(y)[dim(y)] are homotopic. Thus / induces a map of Poincare 
dua lity spaces (X, [X]) — > (Y, [Y)) which is a quasi-isomorphism. Then, by Thco- 
^x){X s ) — > C* + di m (Y)(Y s ) is an equivalence of i?„-algebras. 



8.1 



u-.a 



*+dim( 



In particular, it is an algebra isomorphism in homology so that the result follows 



from the identification of the sphere product as asserted in Theorem 8.1 (see Propo- 
sition [87l5b. □ 
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The above brane product fits into a larger setting of setups^jto define £„-actions 
on CH° (A, M). In fact, we start with the following general setup. 

Definition 8.5. We define AM. as the following category. The objects of AM 
are triples (A,M,fi), where A is an E^-algebra, M is an E^-A- module, and, 
considering the i^-algebra A ® A with canonical E OD -(A <g) A)-modules M and 
M®M (induced via the Eoc structure map A <E) A — > A), we assume that p : 
M <8> M -> M is an i?oo-(A ® A)-module map^j The morphisms of AM consist of 
tuples (/, (?) : (A, A/, fi) — > (A', M', //), where / : A — > A' is an I?^ -morphism, thus 
inducing an iJoo-Amodule structure on M' , and <? : M' — > M is an iJoo-Amodulc 
map, satisfying the compatibility relation, 



(52) 



in A:-Mod 



M®M ■ 



M' 



V 

M 



There are two main examples we have in mind for the above definition. 



Example 8.6. 



(1) The first example relates to the sphere product as consid 
ered in Section 5.2 and also in [G] 
and let h 



A 



Let A and B be two -Eoo-algebras, 
B be a morphism of i^oo-algebras. Then, h makes 



M := B into an E^-A-module, and the Eoo structure of B gives a map 
B (g) B — » 73 which is also an £^-(^4 £g> A)-module map. Furthermore, 
if h factors through an i^-algebra B' as a composition of -Eoo-algebras 

maps h : A — > £>' A _B, then this induces a morphism between the spaces 
(id A ,$) : (A,B,n) -> (A, 73', //). 
(2) The second example relates to generalizations of sphere topology products 
as described in Theorem |8 . 1 1 above. Let A be an i^-algebra and M be an 
Eao- A- module and given an i^-module map p : M A. We define the 
induced Eoo-(A £5 A)-module map p, : M ® M — > M as the composition of 
p and the -Eoo-Amodule structure of M, 



M®M^A 



M 



M. 



Furthermore, any map of two given E'oo-Amodules g 
commutes with TSoo-Amodule maps p and p' , 



M' -» M which 




which is useful to study functoriality of brane operations 
2! ^said otherwise, the objects of AM are the objects N of the monoidal oo-category Mod E 
endowed with a structure map fipf : TV Cg> N — ¥ N; the morphisms are however different 
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also respects the induced relation (52), since gop'(mi, m' 2 ) = g(p (mi).m' 2 ) 



pt{m\).g{m' 2 ) = p(5((mi))-5(m^) = n° (jg® g)(m,' v m' 2 ). 

For example, consider the setup from Section |6.3| C*(X) is an E^- 
coalgebra, C*(X) = Hornk(C*(X),k) is its linear dual endowed with its 
canonical Eoo-algebra structure, and caping with the fundamental cycle 
f)[X] : C*(X) — > C\(X)[dim(X)] induces an Eoo-quasi-isomorphism of E^- 
A-modules. The quasi-inverse of this map is an E^-A-module map p : 
M := C»(X)[dim(X)] -> A := C*(X). Moreover, if / : (X, [X]) -> (Y, [Y]) 



is a map of Poincare duality space (Definition 6.20), then the tuple (/ 



C*{Y) -> C*(X), /» : C*(X) -> C.(y)) is a map in the category AM. 



For any triple (^4, M,//) which is an object of AM described in Definition 8.5 
we can consider the Hochschild cochains CH S (A,M). We claim that there is an 
^-algebra structure on CH S [A, M), generalizing the E^-algebra structure from 



Theorem 15.111 



Definition 8.7. Using the notation from Section |5.2[ we define the Ed-algebra 
structure on CH sd (A, M) by, 



C„(C d (r))<8> ((JH s \A,M)} r -^C*(C d {r))®(Hom A (A® sd ,M)^ 
— > C m (C d (r))®Hom A9 r((A sSd ) 9r ,M 9r ) 
U9Q£*-»). C «{C d {r))®Hom A ^((A® sd r\M) 
^ C, (C d (r)) <g> Hom A ®r ((A^ sd f r , Hom A (A, M)) 
C, (C d (r)) ® Hom A (A ®% r (A® sd )® r , M) 



C, (C d (r)) ® iSom^A^ v ' ' ' v S< \ M) 

— > C(Ci(r))0ffl sV " vsi (i,M) Cif si (AM). 



We need to show compatibility of the involved operad action. This is similar to the 
proof in section |5.2| 



In fact, more is true: 



Theorem 8.8. The identification given in the previous Definition 8.7 defines a 
(contravariant) functor CH S : AM — >• E d — Alg. 

Proof. It only remains to show that morphisms (f,g) : (A,M,p) — > (A',M',p,') 
in AM induce maps of E^-algebras. Since / : A — !• A' makes M' into an E^-A- 
algebra, and with this p! : M' ® M' — > M' into a map of E oa -(A <S) A)-modules, this 
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follows from the commutativity of the following diagram: 



CH S ' (A',M r 



(ch s \a,m')) 



CH' 



' (A,M)J 



(^ (r - 1) ). 



tforo A , 9 r ((A'® sd )^,M') ^X-Hom A0 . ((A® 3 ")®'', M') Hom A0r ((A 85 ")®*-, ilf) 



Hom A i (a'^ s " 

pinch 

Hom A ,(A'® a ~,A4') 



pinch* pinch* 

I I 
> fforn, (A® sd , AT) > Hotua (A® 5 " , M) 

□ 



/* 



By the virtue of the previous theorem and Example |8.6[ 2), we can thus define a 
family of sphere topology operations, one for each i^-module map C* (X) [dim(X)] — > 
C*(X), which are related by morphisms of -E^-algebras. 

In particular, for d — 1, we can obtain (chain level, characteristic free) string 
topology operations associated to any i^oo-module map C*(M)[dim(M)] — > C*(M). 

8.2. Topological identification of the Brane product. In this section, we 
prove that the cup product of Hochschild cochains over spheres identifies with the 
usual "brane product" in the homology of a free sphere space. The idea of the proof 
follows the surface product kind of proof from [GTZ1 Theorem 3.4.2]. 

We start by recalling the construction of the sphere product of Sullivan- Voronov |CVj . 
Let M be a manifold equipped with a Riemannian metric and let the sphere spaces 
Map(S n , M) be equipped with Frechet manifold structures. We further assume 
that M is closed, oriented. We have a cartesian square of fibrations 



(53) 



Map(S n V S n ,M) 



M 



Map(S n , M) x Map(S n , M) 



diagonal 



Y 

M x M 



where the evaluation maps on the right are furthermore submersions. We denote 
Tub(M) C M x M a tubular neighborhood of the diagonal of M, which can be 
identified to the normal bundle of the diagonal. The pullback (ev x ev) -1 (Tub(M)) 
by the submersion ev x ev : Map(S n , M) x Map(S n , M) — ► M x M can be iden- 
tified with a tubular neighborhood Tub(AIap(S n V S n ,M)) of p,„ and thus with 
a normal bundle of pi n . One forms the corresponding Thorn spaces M~™ and 
Map{S n V S n , M)~™ by collapsing all the complements of the tubular neighbor- 
hood to a point. These Thorn spaces are spheres (of dimension dim(M)) bundles 
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over, respectively M, and Map(S n V S n ,M). Hence, we have a diagram of pullback 
squares 

Map(S n II S n ,M) c ^^ Map{S n V S n , M)~™ »- Map(S n V S n , M) 



Y v 

collapse Tu tt 

M x M >- M"™ > M 



where the vertical arrows are fibrations. In particular, the Thorn class of pi n is 
the pullback (ev*)(th(M)) G H dim ^(Map(S n V S", M) - ™) of the Thorn class 
th(M) e H dim ^(M-™) of M -> M x M. 
The above setup allows to define a Gysin map 

( Pin ), :ff,(M s "U s ") ^^-dim(Af)(M S " VS ") 

as the composition 

(54) = 7T« o (- n ev*{th(M))) o (collapse)*. 

Definition 8.9 (Sullivan- Voronov |C Vj ) . The sphere product is the composition 

*S™ : ff*+dim(A/)(M S ")^ 2 -> i/* + 2 dim(Af)(M S,lLIS ") 

(«»)! rj V 71,fS' l VS"\ ( 5 S")* jj . / „, r S 



#*+dim(M) J — -> H*+dim(M) I 

where 5s^ ■ S n —> S n V 5™ is the pinching map. 

Note that the Thorn class th(M) can be represented by any cocycle t(M) which 
is Poincare dual to the pushforward of the fundamental cycle [M] of M, i.e., 
XMxM (collapse, (t(M)) = (diagonal, ([M])) or, equivalently, 

XM-™{t{M)) = (collapse o diagonal,, ([M])). 

By Corollary |6.15[ we get maps of J^-modules 

Pth(M) '■ C*(M~ T ) > C,_di m (M) (M" _T ), 

Pev*[tH{M) ■ (Map(S n V S n ,M)-™) — ► a-dim(M) (Map(S n V S n , M)~™) 
lifting the cap-products — n t(M) and — n ev* (t{M)). Thus we obtain the following 
chain level interpretation of the sphere product. 



Lemma 8.10. The sphere product (Definition 8.9) is induced by passing to the 
homology groups in the following composition 

(55) * S " : (C. (Af s ") [dim(M)])® 2 -> C, (A/ s " LI S") [ 2 dim(M)] 

C °"^ se * C,((Af s " vS T TM )[2dim(M)] '"^T 5 a((M s " vs ")- rM )[dim(M)] 

a((M s " vS ")[dim(Af)] a((M s ")[dim(M)]. 

Remark 8.11. In this section we only identify the sphere product which is the 
degree 0-component of a higher framed i5„ + i-structure claimed in }CV1 Section 5]. 
The reason is that we do not know higher degree representative of this operations 



(in a way similar to the map (55)) since such higher operations would involve a 



careful analysis of Gysin maps associated to higher cacti in families. However, it is 
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possible that the new operads introduced by Bargheer in |Baj could lead in a near 
future to explicit representatives of the degree n Lie Bracket in homology. 



We now further assume X is a general Poincare duality space (see Definition 6.f 6 1 
Recall that by Corollary 4.7 and Corollary |6.15| we have the equivalence (51 1: 



CH S (C*(X),C*(X)) S C. (X s )[dimpO]. 

The cup-product can be thus transfered (through the above equivalence) to give a 

multiplication [C*(X S )[dim(X)]J -> C*(X S )[dim(X)]. We first wish to give 
another chain level representative for this multiplication, which is essentially the 



content of Lemma 8.13 below. We will then compare it with the sphere product 



*s™ given by the composition ( 55 ) 



diag* 



The -Eoo-algebra map C*(X x X) — > C*(X) induced by the diagonal X — » 
X x X makes C*(X) an E oa -C*(X x X)-module. By functoriality of the cap- 
product, the di agon al C*(X) — > C*(X x X) is a map of left (C*(X x X), U)-modulc. 



By Theorem 6.6 we thus get a uniqu e lift C* (X) C„ (X x X) of the diagonal 



map m C*(X x X)-Mod E °° . By Lemma WTl there is an equivalence of -Eoo-algebras 



C*(X x X) = C*(X) ® C*(X). Further, Poincare duality (Corollary |6.19[ ) gives 
equivalences of i? 00 -C*(F)-modules \x '■ C*(Y) ^> C* (Y) [dim(Y)] for any Poincare 
duality space Y. 

Putting together the last three statements we obtain the first assertion in 

Lemma 8.12. Let X be a Poincare duality space. There is a map in C*{X) ® 
C*(X) — Mod E °° given by the following composition: 

V x : C*(X) 4 C(X)[dim{X)} d ^ C*(X x X)[dim(X)} 

4C,(Ix X)[dim(X)\ C*(X x X)[-dim(X)\ 

S C* (X) ® C* (X) [- dim(X)] . 

Further, for any closed oriented manifold M , the following diagram is commutative 



C*(M) — ^ C*(M-™) C*{M-™)[- dim(M)] c*(M x M)[- dim(M)] 



collapse* 



C* (M) ® C* (M) [- dim(M)] 
in C* (X) ® C* (X) - Mod Ea ° . 

Proof. The second assertion follows from the identity 

collapse* (tt* (a;)) n (collapse* (t(M)) n [M x M]) = collapse* (tt* (x)) n diagonal,, ([M]) 

= diagonal^ (x n [M] ) 

which follows from tt o collapse o diagonal = id and the definition of the Thorn 
class. □ 
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It follows that the map Vx yields a map of C* (X)-_E oc -modules 
(56) Vx* ■.CH s ^sAC*{X)) = CH snUsn {C*{X)) ® C*(X) 

C'(X)® 2 

^ C H Sn u sn (C* (X)) ® C* (Xf 2 [- dim(X)] 

C*(X)® 2 

^Cff s „ US n(C*(X))[-dim(X)]. 

Thus, dualizing, we get a map 
(57) 

V ! . CH s- U s" (c* m {c * (x)) v) s Homc , (x) ( OTs „ u s „ (C* (X)), (C* (X)r) 
^4 Hom CHX) (cH SnvS „(C*(X)), (C*(X)) V ) [- dim(X)] 

= CH S " WS " (C* (X) , (C* (X)) v ) [- dim(X)] . 

Recall that we have a pinching map <5g" : S n — > S n V S n induced by collapsing the 
equator of S n to a point. This gives us a multiplication 

(58) 

fi S n : OT S " (C*(X), (C*(X)yy 2 S ^(^(^(Crtl)), (C*(X)) V )^ 
. (JC) . a (CH s » US n(C*(A:)), (C*(X)) V ® (C*(X)) V ) 
= # m c . (x) (Cff S n US „(C*(X)), (C*(X)) V ) 
CH s " yS " (C* (X), (C* (X)) v ) [- dim(X)] 



Horn, 



5 -h ch st 



(c*(X),(C*(X)) v )[-dim(X)]. 



Lemma 8.13. Let X be a Poincare duality space. There is a commutative (in 
k-Modoo) diagram 

CH sn (C*(X),C*(X)f 2 — ^CH sn (C*{X),C*{X)) 



(C# s " (C*(X), (C*(X)) V ) [dim(X)])® 2 — > CH S " (C*(X), (C*(X)Y) [dim(X)} 



where the top arrow is the sphere cup-product of Corollary \5.6\ and the vertical 
arrows are induced by the Poincare duality map \x ■ C*{X) — > C* (X) [dim(X)] —¥ 
(C*(X)) V [dim(X)}. 



Proof. By Lemma 4.1 the K^-algebra map mx ■ C*(X) ® C*(X) -> C*{X) is the 
composition 

m x : C*{X) <g) C*(X) ^C'(Ix X) d ^K C*(X). 
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It follows that the map Vx defined in Lemma [8. 12| sits inside a commutative dia- 
gram 



C*(X)(g>C*(X) 



(C*(X)) V ® (C*(X)) V [2dim(X)} 



C*(X) 



(Vx) v 



(C*(X)) V [ciim(X)] 



in C*(X) <S> C*(X) — Mod E °° . It follows that we get a commutative diagram 
(59) 

Hom c , (x) ^(cH snUsn {C*{X)),C*{X)® 2 ) J?*! 



Horn, 



*(x)®2 (cH sn u Sn (C(X)), C*(X)^ 



(xx), 



Hom c , {x)82 (cH S n u S n (C* (X)), {C- (X)) v )® 2 ) ^> tf m . (x) ® 2 (Cff S n u S „ (<T (X)) , (C* (X)) v ) 



#om c , (jr) (c# s „ usn (C*(X)),(C*(X)) v ) 1 >Hom c « {x) (cHs^s~(C*(X)),{C*(X)y} 

in fc-Modoo (note that we have suppress the degree shifting in the diagram for 
simplicity). By functoriality, we have a commutative diagram 

Hom c . {X )(cH S n VSn (C*(X)),C*(X)J Hom c * m (cH S n(C*(X)),C*{X)) 



(xx). 



(xx). 



H 



om c * m (CTs" VS » (C*(X)), (C*(X)) V ) -^U- Hom c * m (cH S n(C*(X)), (C*(X)) V ) 



which, together with the previous diagram ( 59 1 and the definition of the map Ug 



(see Corollary 5.6) and the map (58), implies the Lemma 



□ 



The cartesian square of fibrations (53) shows that, when M is n-connected (and 
thus M is path connected), there is a quasi-isomorphism 



(60) 



C*(M S " VS ")~C*(M S " US ") ® C*(M) 



c*(mxm) 

so that the map Vm of Lemma [8. 12| yields a map 



id « V M : C* (M s vs ^ ) S C* (M x Af) ® C** (M) 

c* (mxm) 



C* I MxM 



C*(M x M)[-dim(M)] ~ C*(M 5 ") CS2 [-dim(M)] 
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Lemma 8.14. Let X be a n-connected Poincare duality space. The following dia- 
gram 



CH S n(C*(X)) ^^'CHsn VS n(C*(X))^^CH S n(C*(X))^[-dim(X)] 



it 



it 



ii' 



C*(X S ") ^L^ C *(X S " VS ") *-^Lc*(X s "f 2 [-dim(X)} 



is commutative in k-Mod^ (here the map Vx* is the map ( |56[ ) ). 

Proof. This is a conse quen ce of the naturality of the map It : CHx(C* (Y)) 
C*{Y X ), see Corollary 



4.6 



□ 



Proposition 8.15. Let M be an n-connected oriented closed manifold whose ho- 
mology groups are projective k-modules. Then the following diagram 



CH S " (C*{X),C*(X)f 



CH S " {C*(X),C*(X)) 



(C*(X s ")[dim(X)]) 



?:2 



C* (X sn )[dim(X)} 



is commutative in k-Mod^. Here the horizontal arrows are the sphere cup-product 



of Corollary 5.6 



equivalences (51 



and the sphere product (55); the vertical arrows are given by the 



(induced by the Poincare duality map and Corollary J^.l) 



Since the vertical arrows are the maps defining the i? rl+ i-structure given by 
Theorem 8.1 on C*{X S )[dim(X)]; it follows that the underlying commutative 
algebra structure on homology agrees with the sphere product. 

Proof. Recall that there is a canonical isomorphism CH S " (A, A v ) = (^CHs^ {A, A v ) 

By our assumption on M, the canonical biduality map C*(X) — > (C*(X)) V is a 
quasi-isomorphism and it is sufficient to prove that the dual of the diagram depicted 
in Proposition |8.15| is commutative 



By definition (|58 ) of fis™ , lemma [8.14| and lemma 8. 13 we are left to prove that the 



map id®V M ■ C*(Af s " vS ") C*(M S ") C 
diagram 
(61) 



C*(M £ 




dim(Af )] sits inside a commutative 



")-™)[-dim(Af)] 

collapse* 



C*(M S " US ")[- dim(M)] 



C*(M sn ) m [- dim(M)] 



in fc-Mod 
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Recall the equivalence (60) above. Under this equivalence, the cup-product by 
the pullback ev*(t(M)) is given by 



C*(M S " VS °)_C*(M S " US ") ® C*{M) 

c* (mxm) 



Ut(M) 



C*(M S " US ") ® C*(M)[- dim(M)] 

C* (mxm) 

= C*(Af s " v5 ")[- dim(M)]. 



Now, the commutativity of diagram (61) follows from Lemma 8.12| 



□ 



9. Iterated Bar constructions 

9.1. Iterated loop spaces and iterated Bar constructions. In this section 
we study the case of spaces of pointed maps from spheres to X, i.e. iterated loop 
spaces. The idea is to apply the formalism of higher Hochschild functor to the Bar 
construction of augmented iJoo-algebras. 

Let (A, d) be a differential graded unital associative algebra (DGA for short) 
which is equipped with an augmentation e : A — > k. Denote A — ker(A A k) the 
augmentation ideal of A. The standard bar construction on A is the chain complex 
(Bar std {A),b) defined by 

Bar std (A) = @A® n 

n>l 

with differential given by 

n 

b(ai <£> • • • a n ) = ±Oi <£> • • • <X> d{a{) <g> • • • <£> a n 



i=l 
n-1 



a\ • • • ® (oj • Of+i) ® • • • <g> a„ 



see [FHT, Fre2, KM] for details (and signs). Further, if A is a commutative differ- 
ential graded algebra (CDGA for short), then the shuffle product makes the Bar 
construction Bar std (A) a CDGA as well. 

Remark 9.1. Note that, by our convention on if A is not flat over k, we 
replace it by a flat resolution. In particular Bar std : E\ — Alg — > /c-Modoo preserves 
weak equivalences. This definition of Bar std (A) thus agrees with the classical one 
as soon as the underlying chain complex of A is flat over k. 

Remark 9.2. The standard bar construction above extends naturally to Ace- 
algebras. It also extends to any augmented i?i-algebra. Indeed, one can prove 

below with factorization homology Jj(A, k) (of the 



9.3 



a Lemma similar to Lemma 

.Ei-algebra) instead of Hochschild chains over I (see [FT1 lF2l OLAI IATT] ). Note 
that, there is an natural equivalence Jj(A,k) = k <E)\ k. In particular, if B is 
any DGA equivalent to A, then the standard bar construction of A is naturally 
equivalent to Bar std (B) in fc-Mod ( 
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Let A be an i^-algebra and let e : A — > k be an augmentation. In particular, we 
can see k as an ^4-module thanks to the augmentation e. In particular A is an E\- 
algebra so that we can choose a DGA B and a quasi-isomorphism / : B A of E\- 
algebras. Then we define Bar std (A) := Bar std (B). The fact that this construction 
is well-definecrj indeed follows from the following lemma: 



Lemma 9.3. Let I — [0, 1] be the closed interval. There is a natural equivalence 
(in k- Modoc) 

(62) CH^A) <| k = Bar std {A) 

CH s o(A) 

where Bar std (A) is the standard Bar construction. Further if A is a CDGA, the 



equivalence (62) is an equivalence of E^-algebras (where Bar (A) is endowed 



with its CDGA- structure induced by the shuffle product). 

Proof. Let I^ td be the standard simplicial set model of the interval (viewed as a 
CW-complex with two vertices and one non-degenerate 1-cell). More precisely, 
If, td = {0, . . . , k + 1} with face maps di given, for i = 0, . . . , k, by di(j) equal to j 
or j — 1 depending on j < i or j > i. For any differential graded associative algebra 
B, one can form the simplicial dg-algebra 



Cj.td(B) := (B® 1 * ) k > = {B®B k ®B) 



fe>0 



where the simplicial structure is defined as for Hochschild chains of a CDGA (it is 
immediate to check, and well known, that the commutativity is not necessary to 
check the simplicial identities in that case) . Further the associated/^] differential 
graded module DK(Cjstd(B)) is the two-sided Bar construction Bar std (B, B, B) 
of B (see |GTZ[ Example 2.3.4]). In particular, if / : B A is an equivalence of 

i?i-algebras, with B a DGA, then DK{C I std{B)) H Bar std {A) is an equivalence 
(natural in A, B). 

Now, forgetting the -Eoo-structure of the Hochschild chain complex CH Is td(A), 
we get a quasi-isomorphism of simplicial chain complexes 

/ : CV^(B) ^> CH^T(A) 

and thus after taking the Dold-Kan oo-functor DK : sk-Modoo — > fc-Modoo, we 
see that CH Is td(A) = DK(C^ d (B)). Now the result follows since Bar std (B) == 

(|) n>1 B® n is the normalized chain complex associated to the simplicial chain com- 
plex Cjstd(B), thus is quasi-isomorphic to DK(Cjstd(B)). 



When A is a CDGA, the result follows from Corollary 3.7 and [GTZ| Section 



2]. □ 

In particular, we get an .Eoo-lifting of the Bar construction of an i^-algebra 
that we denote 

(63) Bar (A) := CH^A) I k. 

CH S „(A) 

2 ^i.e. independent of the choice of B 
2 ^via the usual Dold-Kan construction 
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Note that the augmentation e : A — > k induces augmentations e* : CHj(A) — > 
CHj(k) = k, : CHgo(A) —> CH s a(k) = k and thus an augmentation Bar(A) — > 
k as well. 

Since Bar(A) is an augmented -Eoo-algebra, we can take its Bar construction 
again. 

Definition 9.4. The n^-iterated Bar construction of an augmented -Eoo-algebra 
A is the Soo-algebra BaA n \A) = Bar(- ■ ■ {Bar(A)) ■■■). 

Summing up the above results we have: 

Proposition 9.5. The n th -iterated Bar construction Bar is an oo-functor 

Bar [n) : E^-Alg ->■ E^-Alg. 

Further, there is an natural equivalence in E^-Alg between B^ n '{A) and the n th - 
iterated Bar construction defined by B. Fresse [Fre2j . 

Proof. Since A H> CHi(A) is an oo-endofunctor of i^-Alg, the same follows for 



Bar (and its iteration). By Lemma 9.3 the Bar(A) is equivalent (in /c-Modoo) 



to Bar std (A) and, further, this equivalence is an equivalence in .E^-Alg if A is a 
CDGA and Bar std (A) is endowed with the CDGA structure given by the shuffle 
product. Thus the uniqueness of the Bar construction in i^oo-Alg obtained in |Fre2] 
shows that Bar^ is the correct n t,l -iterated Bar construction. □ 

Remark 9.6. Since the canonical map CHj(A) —> CH pt (A) = A is an equivalence, 
we recover immediately from the excision axiom 

L L 

Bar(A) = A <g) k = k®k. 

CH s o(A) A 

Remark 9.7. In terms of factorization algebras, one has the following definition. 
Considered the unit interval with two stratified points given by its endpoints. Then, 



the analogue of Proposition 2.20 in that case is that locally constant (stratified) 
factorization algebra on I are the same as the data of an £i-algebra A and a pair 
of left A-module M and a right A-module N. In particular taking the factorization 
algebra A for which A is augmented and M = N — k, we obtain that the factoriza- 
tion homology Jj A (denoted J 7 (^4, k) in |Flj ) is equivalent to the Bar construction, 
see IF1I for details. 



There is an easy interpretation of the iterated Bar construction in terms of higher 
Hochschild chains. Note that, since k is an A-algebra (via the augmentation), 

L 

CH Sn (A, k) = CH S n (A) ® k is an ii^-algebra. 

A 

Lemma 9.8. There are natural equivalences of E^- algebras 

CH S n(A,k) S Bar {n) {A). 

Proof. Since S n = D n Uj„_i pt, the homotopy invariance and excision axiom for 
Hochschild chains implies the following sequence of natural (in A) equivalences of 
-Eoo-algebras 

CH S n(A,k) s CH Sn (A)®k s CHin(A) d k 

A CH s „-i(yl) 



Thus, for n = 1, the Lemma is proved (by Definition (63 1). 
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Since CHx(k) = k for all X € Topoo, by Corollary 3.27 (3), there are equiva- 
lences of algebras 



CHi(CHsn-i(A)®k) = CHi{CH S n-i{Aj) ® k 

V A J CHi(A) 

— C-ff(/xS"- 1 )//x{l}(-4)- 



where the last equivalence follows from Corollary 3.27 (4) and the excision axiom. 

L 

Tensoring the last equivalence by ® k and applying the excision 



C H [CHg 



axiom again, we get 

CH I (CH S n-i{A)®k 

A ' CJ? s o(cH g „_i(A,fe)) 

Since the left hand side is Bar^CH S n-i (A) <g> k^j , the Lemma now follows by 



A 



duct ion. 



ni- 

□ 



We now study the coalgebra structure carried by the iterated Bar construction. 
Recall that the standard Bar construction of a DGA carries an natural associative 
coalgebra structure. We wish to apply the results of Section [572] to study the same 
result for _E„-coalgebras structures. 

Recall the continuous map (19) pinch : C n (r) x S n — > Vi=i r Similarly to 
the definition of the map (20), applying the singular set functor to the map (19) 
we get a morphism 

(64) pmch s "> r : C* (C„(r)) ® CH S n(A) ® k 

— > A CH yr Sn (A)<E)k= (CH m Sn (A) ® A }®k 

v '-i A V A® r / A 

- ( CH m =l s» J, fc = (c 1 ^- (a, fc)) ® r 

where the last equivalences follows from the excision axiom, the coproduct axiom 
and the definition of CHs"(A, k). 

Note that there is a canonical equivalence 

(65) Hom k (CH S n (A) ®\k,k) = RHom A (CH S n (A) , k \ = CH S " (A,k). 

Under this identification, the dual of the map ( 64 ) is the pinching map ( 20 ) from 
Section 15.11 



Proposition 9.9. Let A be an E^-algebra and e : A — > k an augmentation. 

(1) The maps ([64} pinch? V : C*{C n {r)) ®CH Sn {A,k) -> (CH s ^(A,k) 

makes the iterated Bar construction BarW(A) CH s ~{A,k) a natural 
E n -coalgebra (in the (oo,l)~ category of E^-algebras) 

(2) The dual E n -algebra RHom(Bar t - n ^ (A), k) is naturally equivalent to CH S (A. 
in E n -Alg and thus to the centralizer 3(e) of the augmentation (viewed as a 
map of E n - algebra by restriction). 
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Proof. The proof of the first statement is similar to the proof of Theorem |5.11| 
(except that we take the predual of it). Fixing c <= C*(C„(r)), all maps involved 



in the composition (64) defining pinch* ' r (c, — ) are maps of -Eoo-algebras. Hence 



the structure maps of the -E^-coalgebra structures are compatible with the E a 
structure. 



Further, since the linear dual of the map ( 64 ) is the pinching map ( 20 ), statement 
(2) follows from Theorem 5.11| the equivalence 



RHom(Bar (n) (A),k) = RHom A (CH S n(A),k\ ^ CH sn {A,k) 
and Corollary |7.23| 



□ 



If Y is a pointed space, its -Eoo-algebra of cochains C* (Y) has a canonical aug- 
mentation C* (Y) — > C* (pt) = k induced by the base poi nt pt — > Y. Tensoring the 



map Xt : CH S ~ (C*(Y)) — > C* (Y s ") (given by Theorem 4.4} with ®^ {Y) k yields 
a natural iSoo-algebra morphism 



(66) Xt n " : Bar (n \C*(Y)) = CH S n(C* (Y),k) 



C*(Y S ") 



JC*(Y) 



c*(n n (Y)) 



where the last map is induced by applying the singular cochain functor to Q n (Y) = 

Y S " Xkrpt. 



Further, using the equivalence (65), the linear dual of this map (composed with 



the canonical biduality morphism) yields a map 
(67) 

Xfen : C*(O n (Y)) — -> C*(n n (Y)y — -> CH sn (C*(Y),k) = (W (n) (C*(F))) V 

We can now state our main application to iterated loop spaces, generalizing 
classical results in algebraic topology. Since the iterated loop space Q n (Y) are E n - 
algebras in spaces, C* (£l n (Y)) is an E n — coalgebra in E^-Alg and C*(f2 ra (Y)) an 
.En-algebra (in i?oo-coAlg, the (oo, l)-category of E'oo-coalgebras) . 

Corollary 9.10. Let Y be a pointed topological space. 

(1) The map (p} Xt Qn : BaA n \C*{Y)) -> C*(fl n (Y)) is an E n -coalgebra 



morphism in the category of E^- algebras. It is further an equivalence ifY 
is n-connected. 

(2) Dually, the map ([67} It n » : C*(fi n (Y)) — > (Bar^(C*(Y))^ is an En- 
algebra morphism (in k-Mod^). Further, if k is a field, Y is n-connected 

, \ v 

and has finite dimensional homology groups, then \Bar {n \C* {Y))\ is an 

Eoa-coalgebra and the map (67) XtQn is an equivalence of E n - algebras in 
Eaa-coAlq. 

In particular, the Hochschild chains over the spheres is a model for the natural 
i?„-algebra structure on C*(fi"Y). 



Proof. By Theorem 



4.4 



the map It : CH S n(C*(Y)) — > C*(Y S ") is an E^- 
algebra map and thus so is Xt^n. Further, Theorem |4.4| gives an natural transfor- 
mation 

Xt : CH* X (C*{Y)) — ► C*(Y X ) 



HIGHER HOCHSCHILD COHOMOLOGY, BRANE TOPOLOGY AND CENTRALIZERS 75 



from which we deduce a commutative diagram 

CH In (C*(Y)) k C*(Y) | k^^CH S n(C*(Y)) ® k 



Xt® xt id 



Zt®^, {Yj id 



V 



c*(yH c*(Y) ® fe ^c*(r sri ) ® fc 

c .( y s»- 1) C7*(V) ' C{Y) 

in i^oo-Alg in which the horizontal arrows are induced by the homotopy pushout 
Vt n X = X 1 U xS n-i pt. The lower horizontal arrow is an equivalence when Y is n- 
connected. Further, the map It : CH S n-i(C*(Y)) — > C*(Y S " *) is an equivalence 
when Y is n— 1-connected by Theorem |4.4| Since the map induced by the base point 
C*{Y) -> CH In {C*{Y)) is an equivalence, the map It : CH In {C*{Y)) -> C*(Y 7 ") 
is an equivalence when Y is connected. Thus, we deduce from the commutativity of 
diagram @ that the map It n " : BaA n \C*{Y)) -> C*(Q n (Y)) is an equivalence 



when Y is n-connected. 

In order to finish the proof of Assertion 1 in Corollary |9.10| it remains to check 
that It n " is a map of £" n -coalgebras. By definition, the £" n -coalgebra structure 
of C*(p, n (Y)) is induced by taking the singular cochains functor (from Top^ to 
iSoo-Alg) to the -En-algebra structure of f2 n (Y) which is the (homotopy pullback) 
n n (y) = (Y s ™ Xypt). By definition the £„-algebra structure of fi"(Y) is induced 
by the pinching map ( |20| ) C„(r) x S n — > Vi=i r ^ n - Indeed, since the pinching 
map preserves the base point of S n , we have the following composition 

(69) C n (r) x (Y s " x Y pt) r A C n (r) x (yU <=1 ... r s») Xyr ^ 
By naturality of Xi, we have a commutative diagram 

L 

pinch* (gi id 

c^ S n(c*(y)) I fc ^-^CH y s»(C*(Y)) ® k. 

C*(Y) V,-l...r C*(Y) 



I 



/ n n\ ^ C* (pinch*) / \i en \ ^ 

c*(y s ) ® fc U-c*(yV I= i.... s ) ® fe 

C*(Y) C*(Y) 



The commutativity of this diagram, together with the definition of the map (64) 

L 



pinch* ' r : C»(C n (r))®Gffs»(A)®*-> [CHs^ (A) ® kj giving the £"„-coalgebra 
structure of Bar (n) (C* (y)), and the fact that the £„-coalgeba structure of C*(Cl n (Y)) 



is given by applying the functor C*(— ) to the composition (69) show that li 51 is 
an E^-algebra map. 

The proof of the fact that Hq™ is a map of E^-algebra is similar, using in 
addition the naturality of the biduality morphism C —> C vv and Corollary 4.7 



Further, when k is a field and the groups H^(Y) are finitely generated, then 
C*(Y) — > (C*(y)) v is an equivalence. Further, if Y is n-connected, it follows 
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from the Eilenberg-Moore spectral sequence that Bar^ n \C* (Y)) has finite dimen- 

/ \ v 

sional homology groups. Hence, the dual ( Bar^™' (C* (Y)) ) inherits an natural 

i^oo-coalgebra structure (dual of the i^-algebra structure of Bar^ n \C* {Y))). It 
is then immediate to check that the arguments to prove Statement (1) above can 
be dualized to prove that is also an equivalence of -Eoo-coalgebras. □ 



Remark 9.11. A careful analysis of the proof of Corollary |9. 10 shows that the 



assumption that Y is n-connected can be replaced by the assumption that the 
cohomological Eilenberg-Moore spectral sequence of the path space fibration is 
strongly convergent for all Sl l Y (i < n). 



Remark 9.12. Statement (2) in Corollary 9.10 is somehow unsatisfying since one 

/ \ v 

recovers an i^oo-coalgebra structure on right hand side ( Bar^{C* (Y)) ) only 

/ \ vv 

when the biduality morphism Bar (n) (C*(F)) ->■ [BaA n \C* (Y))) is an equiv- 
alence (while the left hand side has always such a structure). The reason for it, 
is that this statement is in fact the bidual of a statement involving iterated coBar 
construction of -Eoo-coalgebras. 

Indeed, one can define Hochschild cochains over spaces for -Eoo-coalgebras in 
a similar way to what we do in Section [3] getting an oo-functor CH : Top^ x 
Eoz-coAlg — > Eao-coAlg ((X,C) h-» CH^HjC)). For insta nce, one has an natural 

L I 

equivalence CH (C) = C ® C*(X) similar to Proposition 3.6 



All results of Section [3j Section [4] and Section [5] have "dual counterparts which 
can be proved similarly. We claim that there is an iterated cobar construc tion 
coBar^V : E^-coAlg — > E n -Alg(E (x> -coAlg) defined similarly to this Section 9.1 



and that further there is an natural -E„-algebra map coBar^ (C* (Y)) — > C* (f2™ (Y)) 
in -Eoo-coAlg which is an equivalence when Y is n-connected. We leave the many 
details to fill to the interested reader. 

9.2. Iterated Bar constructions of augmented E^-algebras. In this section 
we explain how to generalize the iterated Bar construction for E^-algebras in § |9.1| 
to _E„-algebras. In particular we describe the -E n -coalgebra structure of the n-times 
iterated Bar construction. Our definition and study of the Bar construction follows 
the ones given by Francis |Flj and Lurie [I7HA . 

In this section we assume A is an augmented -E„-algebra and we denote e : A — > k 
the augmentation (which is a map of -E„-algebras). In particular, we endow k with 
its structure of A-E n -module given by the augmentation. We denote E n -Alg aug 
the (oo, l)-category of augmented E n -algebras 



For an augmented E^-algebra, Definition (63) and Lemma 9.3 suggest to define 



f L 

(70) Bar(A) := I A ® k 

JlxR"- 1 J s o xRn -iA 

where k = k is endowed its natural structure of A-£q-module. This defini- 

tion agrees with the usual one: 

Lemma 9.13 (Francis [Fl| ). There is a natural equivalence (in k-Modoo) 

(71) Bar(A) Si Bar std (A) = k®\k 



where Bar (A) is the standard Bar construction as in § 9.1 
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When X be a manifold of dimension d equipped with a framing of X x K fc , then 
for any i? d+fc -algebra B, J XxRk B is canonically an i? fc -algebra, see [L-HA1 IPT] for 
details. Note that this follows from Theorem 12.141 and the fact that a factorization 
algebra onXxl* are the same as factorization algebras on X with values in E^-Alg 
see Proposition |2.15| (or |GTZ2] h Applying this to X = I or X = S° we get the 



following result which is also asserted in |F1[ IL-HAj . 



Proposition 9.14. The Bar construction ( 71 ) for augmented E m -algebras (m > 1) 
has a canonical lift 

Bar : E m -Alg au9 -> E m _ x -Alg au9 



which coincides for E^-algebras with the one given in § \9.1\ and further sits into a 
commutative diagram 



Ei-Alg 



Bar 



k-Mod n 



E 2 -Alg- 

Bar 

Ei-Alg - 



E m -Alg « 

Bar 

E m -i-Alg ■ 



Eov-Alg 



Bar 



E^-Alg 



where the horizontal arrows are the canonical forget functors induced by the tower 
of maps of operads ([2| . 



Proof. By the above and Theorem 



2.14 



! A and 

m — 1 . 



_ Wf? haVe that JsO xR m-l A J IxR 

k are (global sections of) locally constant factorizations algebras over m 
particular, we can see J SOxIm _i A as an i?i-algebra in the symmetric monoidal 
category of E'm-i-algebras, i.e., locally constant factorizations algebras over R m_1 . 
Similarly J 7xRm _i A is a left module over J SOxRm - 1 A in the symmetric monoidal 
category of £ ; m _ 1 -algebras, i.e., it belongs to (J S o xRm -i A)-Mod El (E^-Alg). 
This shows that the Bar construction is an object of E m _x-Alg. Further, the 
augmentation e : A —¥ k induces a maps J. xRm -„ e : L J , m _ I A k which is a 
map of locally constant factorization algebras on H. m_ ™ hence of S m _ n -algebras. 
Similarly J SOxKm _ 1 A — > k is a map of -E m _„+i-algebras; hence e induces an aug- 
mentation Bar(A) — > k in E m - n -Alg. The equivalence of the two definitions for 
-Eoo-algebras is an immediate consequence of Theorem 3.11 or [GTZ21 Theorem 5]. 
The commutativity of the diagram follows from the fact that E m -Alg — > E m _\-Alg 
is induced by the map of oo-operad E®_! — > induced by taking the product of 
Til — 1-dimensional disks with the interval R, i.e, it is induced by the pushforward 
of factorization algebras along the projection M m_1 x R — > M m_1 . □ 



By Proposition 9.14 we can iterate (up to m-times) the Bar constructions of an 
i? m -algebra. 

Definition 9.15. Let < n < m. The rt t,l -iterated Bar construction of an aug- 



mented -E m -algebra A is the i? m _ n -algebra (given by Proposition 9.14) 
Bar {n) {A) := Bar{- ■ ■ (Bar{A)) ■■■). 



Proposition |9.14| implies that Definition |9.15| agrees with Definition |9.4| for E Q 
algebras. 



Remark 9.16. The iterated Bar construction given in Definition |9.15| should be 
closely related to the one (obtained at the level of model categories) by Fresse |Fre3| . 
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The following result, due to Francis |Fli Lemma 2.44], identifies the iterated Bar 
construction in terms of factorization homology 

Lemma 9.17 (Francis). Let A be an E m -algebra and < n < m. There is an 
natural equivalence of E m ^ n -algebras 



Bar (n \A) 



A 



Is 



Proof. This is essentially Lemma 2.44 together with Corollary 3.32 in |Flj . Alterna- 
tively, on can use a proof similar to the one of Lemma 9.8 replacing CH[n{A) with 
the -E m _„-algebra J JmxR ,„„„ A using excision for factorization homology (see |F1[ 
IAET1IUTZ2] ). and the Fubini theorem for factorization homology [GTZ21 Corollary 
1 7] instead of Corollary (3T271 (4) . □ 



Remark 9.18. Let e : A — > k be an augmented B m -algebra. Identify I n with the 
closed unit disk in M.™ and let D n = T n \ dl n be its interior. Then we can define a 
stratified locally constant factorization algebra on I n x M m_n , denoted (A,k), on 



I n which associates the -E^-algebra A on any disk inside D r 



and takes 



the value k on any disk in an neighborhood of (dl n ) x M m_n ; the factorization 
algebra structure being induced by the A- E n - module structure of k. Then, there 
is an natural equivalence of £" m _ n -algebras (see [Fit lAFTj or apply the excision 
property for factorization homology) 



Bar {n) {A) = 



(A,k). 



We now describe an £" n -coalgebra structure on Bar^ n '{A) by defining it as a 
locally constant A r (Disk(]R™)-coalgebra. We may assume A is a locally constant 
factorization algebra on K m , denoted A (in particular A(D) = J D A for any disk 
D c R m ). 

Let (/) : E" 4 U C 1" be an embedding of a disk in R n . Write dU := U\ {</>(/")} 
We associate to this the £"„_ m -algebra 



(72) 



Bar^ (A)((/>) 



A{U x M m "") 



Bar^ n) (A(U x I")). 



L 
® 

, +1 A(UxI 



Now let 4>i : H." — > [/, C H." (i = 1 . . . r) be a family of embeddings with pairwise 
disjoint images and let ft : ]J[ =1 E™ K n and t/j : K" ->• F C E n be embeddings 
such that the following diagram 



(73) 




v c 



is commutative. 



Remark 9.19 (sketch of the construction). We start by sketching the construc- 
tion of the i?„-coalgebra structure following the above Remark |9.18[ we can think 
of the iterated Bar construction on V as a stratified factorization algebra D H> 
BaA n \A)(D) on the closure V of V (which assigns the ^-E^-module k to balls 
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Figure 2. The map Bar^(A)(V) -> Bar^(A)(Ui) ® 
Bar(")(A)(C/ 2 ) ® Bar(")(A)({7 3 ) 



in a neighborhood of the boundary V \V). The data of <f>\, . . . ,4> r allow to define 
another stratified factorization algebra J- where V is stratified with one open strata 
given by the union of the disks (Jl=i U ano - one closed strata given by their comple- 
ment V \ ( Ui=i ^i) ' Then J 7 is defined as the rule which to each ball D inside Ui 
associates J D A, i.e., A and which associates JF{D) — k on the closed strata, i.e., for 
any disk in a small neighborhood (meaning it should avoid all 4>i(0)) of the closed 
strata. The factorization algebra structure is given by the A-E n -modu\e structure 
of k and is well defined since the balls D above defined are a basis of the topology of 
V. Then, the global section T(V) is easily seen to be equivalent to (Bar^ (A))® r . 
Further, the map which is the identity on each disk D inside a Ui and is the aug- 
mentation e : A —> k on each disk in a small neighborhood of the closed strata 
V \ (Ui=i Ui) defines a map of factorization algebra BaA n \A)(W) H> F{W) and 
thus a structure map 

Bar < - n \A{V x M m_ ™)) — > Bar^ (A{U X x I"'-™)) ® ■ ■ ■ ® Bar {n *> (A{U x R rn - n )) 

defining the desired -E ra -coalgebra structure. See Figure [2] (in the case r — 3). We 
explain the construction in more details below. 

To describe the -E„-coalgebra structure, we wish to define a map 

lu u ..„u r ,v ■ Bar^(A{V x R m - n )) 

— > BarW (A(U! x R m - n )) <g> • • • <g> Bar^^AiUy.R^r)) . 

Since A\ vxM. m ~ n is a locally constant factorization algebra, its values are determined 
by its values on the sub-family T> of disks consisting of those disks which are either 
totally included in a Ui x IR" 1- " or in the complement V x IR m_ ™ \ {^(7 n ) x 
R m-n i = i ... r } of the (j>i{I n ) x R m ~ n (clearly I? is a basis of opens in V which 
is stable by intersection). Thus the map JUi,...,U r ,V is determined by its value on 
any tensor product : A{Di) ® ■ ■ ■ ® A{DA where the Dj's are pairwise disjoint 
disks in D. We can reorganize the D/s into r + 1 collections (Dij 1 )j ie j 1 , 
(D r- j r )j T< zj r , {Dd,j )j a eJa w here the Di j. are in U t x R m ~ n and the Dgj g are in 



so 
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V x R m - n \ {(f>i(I n ) x W n ~ n , i = l...r}. Then we define 

Ji Ja 
/h®^^ ^(n)^^ x R m-n^ g ... g B ar (") (_A([/ r x R m -")) 

where e is the augmentation applied on each A(Dg t j g ) and /ij : ^(^^ •^(■Di.j'i) 
BarW^Ui x M 1 ™-™)) is the composition 

: ((£) ADiJi)) — > ^(^ x Km_ ") — > SarW(^([7i x R™"")) 

where the first map is given by the structure map of the factorization algebra A 
and the last one by tensoring A(Ui x R m_n ) with k. 

Lemma 9.20. The map ^Ui,...,u T .v is independent of the choices and passes to the 
derived tensor product to define a map of augmented E m _ n -algebras. 

lu u -,u r ,v :Bar^(A(VxR m - n )) 

— > Bar^ n \A{Ux x R m ~ n )) $ ■ ■ ■ $ Bar^(A(U r x R m_n )). 

Proof. The only choices we made are when we reorganize the Dj 's into the r + 1- 
collections. Namely a disk D lying in the intersection of Ui and ^xE m " m \{^(/ n ) x 
M m ~", i = 1 . . . r} can be seen assigned to (Di,j i )j i£ j i or Dgj g . By definition of 
the module structure of A(Ui x R n ), hi : A(D) -> 73ar(")(^(f7 4 x R TO "")) is the 
augmentation e. It follows that the two possible ways of assigning a family to D 
yields the same value for the map "fUi,...,u r ,v ■ Furthermore, let us choose a cube C 
in R™ which contains the image /i(Jj£_i R n ). Then, 

BorW(i(VxR m -"))^ / A(VxR m - n ) ® fc. 

Since the map 7(/ 1 ,.. M (7 r ,v acts by the augmentation on A(D) for any disk D in 
(V\ V(C)) x R m_n , it then follows that ju 1 ,...,u r ,v induces a map BarW(^(V x 
R m "")) -> 0[ =1 Bar^ (^([7, x R TO_n )) . The fact that j Ull ...,u r ,v is a map of aug- 
mented S m _ n -algebras follows from the same argument used in Proposition 9.14 to 



prove that the Bar construction takes values in augmented EV^-i-algebras and the 
fact that the tensor product of augmented iS;-algebras has an natural augmentation 
given by the tensor product of augmentations. □ 

Proposition 9.21. Let A be an augmented E m -algebra and < n < m. 

(1) The maps j Ul ,...,u r ,v makes Bar^ n \A) an E n -coalgebra (induced by a lo- 
cally constant N(Disk)(W l )-coalgebra structure in the sense of § 2.3) in 
the (oo, \)-category of ' E m _ n - algebras, which for m — oo coincides with the 
construction of § \9.1\ This construction is functorial, i.e., the iterated Bar 



construction (Definition 9.15) lifts as a functor of (oo, 1)- categories 
Bar {n) : E m -Alg au9 — > E n -coAlg^E m . n -Alg au9 

(2) The dual RH om(Bar^ n ' (A) , k), endowed with the dual E n -algebra structure 
in E m _ n -Alg induced by (1), is the centralizer i{A A- k) of the augmenta- 
tion (see § [O), 
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(3) Bar^(A) is equivalent as an Ei-coalgebra to the standard (§ 9.1) Bar 
construction Bar std (A) and Bar^ n \A) is equivalent to the iterated Bar 
constructions of |F1| (in the oo-category E n -coAlg(^E m - n -Alg au9 ^j ) . 



Pro of. Fr om 
tion 



2.3 and § |2.4| (in particular the coalgebra analogue of Proposi- 



2.15), we only need to prove that Bar^(A) is the global section Bar W (A) (R") 



of a locally constant iV(Disk(]R n ))-coalgebra. As previously noticed in Remark 7.11 
this is equivalent to proving that the maps "t Ul ,...,u r ,v given by Lemma 9.20 are th< 
structure maps 

7*1,...,^,* : BarW(A)(if>) — > Bar< n >(A)(0i) ® • • ■ <8 Bar^(A)((j> r ) 
of a locally constant 7V(Disk(R n )')-coalgebra; here the <pi and rp are the embed- 



dings sitting in the commutative diagram (73). By Lemma 9.20 we already know 



that these maps are maps of (augmented) _E m _„-algebras. The naturality of the 
structure maps with respect to inclusions of disks, i.e., the identity 



• • ® lei,...,ei ,<t> r ) ° 70i,...,<k-,*0 = le\,...,e\ 



for families of embeddings Q\ : K.™ ^ W/ C K.™ with pairwise disjoint images lying 
in the (pairwise disjoint) images of <pj : K™ ^ Uj C V C M where 1/ = -0(IR™) as 
before (and the embeddings (9^ are related to <pj by a diagram similar to (73)). The 
proof is the same as for the naturality of the structure maps piii....,u r y in the proof 
of Theorem [721 



By assumption A is an i^-algebra and A a locally constant factorization algebra 
on R m . Hence, for any inclusion U V of two disks, the map U x M. m ~ n 
V x M" l ~ n is an inclusion of a disk inside a bigger disk so that the canonical map 
A(U x R m ~ n ) -> A(V x R m - n ) is an equivalence of A(U x K ro -")-£ l m -modules. 
Further, the following diagram 



J(l/xl m -")® l i(( , xr _ n) !: 



Zfi 



X R m "») <g>^ ([/xRTO _ n) A; 

is commutative since 7[/.y restricted to open disks in U x M ?T1_rl is the identity 
functor. It follows that the induced map 

Bar^(A(U x E m " n )) ^4' Bar^(A{V x R m ~ n )) 

is an equivalence as well. Hence (see construction ([72])), the rule <j> >-> BaA n \A){4>) 
is a locally constant iV(Disk(M n )')-coalgebra object in i? m _ n -algebras which proves 
that the iterated Bar construction given by Definition |9.15| is a functor from aug- 
mented i? m -algebras to E n -coAlg(^E m _ n -Alg au9 ^j . This functor agrees (in the 
(oo, l)-category E m ^ n _Alg aua ) with the one given in Section 9.1 by Proposition 9.14 



The identification of the two -E n -coalgebras structure is done as in the proof of 
Proposition |7.12| 

Dualizing the construction of the locally constant iV(Disk(]R")')-coalgebra struc- 
ture shows that the dual RHom{Bar( n ) (A), k) of the Bar construction has a locally 
constant 7V(Disk(]R n )')-algebra structure with the one given in Remark 7.11 and 
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thus with the one of Theorem |7.7| Hence, by Proposition |7. 19| with the centralizer 
l(A — > k) of the augmentation. 

That the algebraic of Bar^ (A) a grees with the one in |Flj follows from Dunn 



Theorem (see [L-HA1 IFT] or Theorem 2.16) once we know that BaA 1 \A) is equiv- 
alent, as an £i-coalgebra to the standard Bar construction Bar std {A). By homo- 
topy invaria nce, we may assume that A is a differential graded associative algebra. 
By Lemma 9.13 we have an natural equivalence Bar(A) = Bar std (A) and fur- 



ther the (two constructions) of the Bar construction computes the derived functor 



k ®\ k. The coalgebra structure of Bar std (A) is induced by the comultiplication 



5 : Bar std (A) — > Bar std (A)®Bar 3td (A) which realized the following map of derived 
functors (in fc-Modoo): 

(74) 5:k®\k = k®\A®\k ld ^ Ald k®\k®\k= (k®\ kf\ 



The construction ( 70 1 can be rewritten as 



L f L 

Bar(A) = k® / A®k 
AJi A 



using the natural A® A op = J s0 A- module structure of Jj A. Now the E'l-coalgebra 
structure of Bar(A) is given by the inclusion of two disjoint open intervals I\ and 
I 2 inside /. We denote Ji, J2,^3 the three disjoint intervals whose union is the 
complement I \ U I2). Unfolding the definition of the map r yi 1 j 2 j given by 



Lemma 9.20 and using excision for factorization homology (see [L-HA1 IFT1 IGTZ21 



lAFTj ). we find that, Ji u i 3 ,i is the composition 

L f L L f L f L f L f L f L 

(75) Bar(A) = k® / A®k — > k® I A® I A® I A® A® A®k 

AJi A Ajj x Aj h Ajj 2 Aj l2 Ajj 3 A 

A A ^ A A A k® I A®k® I A®k = Bar(A)® Bar(A). 

A J j 1 A A Jj 2 A 

Hence, the underlying coproducts maps of i?i-coalgebra structure on Bar(A) realize 



the map (74 1 and thus induces the E'l-coalgebra structure of Bar (A) under the 



equivalence given by Lemma |9.13| □ 

Remark 9.22. Note that Ex-coAlg[E±-Alg\ is equivalent to the (00, l)-category 
of bialgebras in fc-Modoo. We think of E p -coAlg[E q -Alg) as analogues of bialge- 
bras with some commutativity and cocommutativity conditions lying in between 
bialgebras and commutative and cocommutative bialgebras. In particular, Propo- 
sition 9.21 implies that the Bar construction of an ^-algebra is naturally a (ho- 



motopy) bialgebra. 
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